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Given a system of linear equations, we can find the solution by writing
the system in matrix form and then finding a matrix inverse. The problem
with this method is that finding the inverse of a matrix involves solving
the very system of equations that we’re trying to solve in the first place. An
easier and more efficient method is Gaussian elimination (Noble and Daniel
call it just *Gauss elimination’). This is best illustrated with an example.

Example 1. Consider the system
3ry—xp+23=—1
Or1 — 224+ 23=-9 (D)
3x14+1xy—223 = -9

In matrix form this is

Ar=v )
where

[3 —1 1

A=19 -2 1 3)
i 3 1 =2
_IB1

r= |X) (4)
_x3
[ —1

v=| —9 5
i -9

We write the system as an augmented matrix, with A on the left and v on
the right:
3 -1 1 |-1
9 -2 1 |-9 (6)
31 -2]-9
1

augmented matrix
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The goal of Gaussian elimination is to use one row to eliminate (reduce to
zero) one of the variables in the other rows, by means of linear combinations
of rows.

Step 1: use the first row to eliminate the entries in the first column of the
other two rows. Multiply the top row by 3 and subtract it from row 2 to get

3 -1 1 ]-1
0 1 -2|-6 )
31 —2[-9

Then subtract row 1 from row 3 to get

3 -1 1 |-1
0 1 -2]-6 )
0 2 -3|-8

We now have the matrix in the form where the only nonzero entry in column
1 is in row 1. Next, we multiply row 2 by 2 and subtract from row 3 to get

11 |-1
2| -6 9)

3
0 1
0O 0 1] 4

Row 3 now has only one nonzero entry on the left. Comparing this with the
original set of equations [I] we see that row 3 is equivalent to the equation
x3 =4 (10)
The second line in[J]is equivalent to the equation
xy—2x3=—06 (11)
We can substitute [I0]into this to get
Ty =—6+2x4=2 (12)
Finally, we substitute x, and x3 into the first equation to get

3xr1—ry+23=311—24+4=-1 (13)
—-1-2
3

——1 (14)

The final solution is then

A —1
ol =12 (15)
T3 4
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Example 2. Gaussian elimination also works when the system of equations
is under-determined, that is, there are fewer equations than unknowns. Con-
sider
T+ 212 +x4=5
201+ 3x2+2x3+5x4 =4 (16)
200+ 13+ 514 =2
We have only 3 equations in 4 unknowns. We can write this in augmented
matrix form as

1 2
2 3 (17)
0 2

il \S R @]
W DN W
N B~ D

Subtract 2 times row 1 from row 2 to get

1 2 0 315
0 -1 2 —1]-6 (18)
0 2 1 5|2

Row 3 already has a zero in the first column, so we now add 2 times row 2
to row 3 to eliminate the entry in the second column. We get

1 2 0 3] 5
0 -1 2 —1| -6 (19)
0 0 5 3 |—10

This is as far as we can go, so we set x4 =t where ¢ can be any quantity,
and from row 3 we get

Sr3=—-10-3¢ (20)
3t
r3=—2— 5 (21)
From row 2 we get
—xy42x3— 14 = —06 (22)
6t
—py—4- T —t=—6 (23)
11t
Tp=2—— (24)
5
The first row gives us
1 +2x7+3x4=5 (25)
11¢
x1+2(2—?)+3t:5 (26)
Tt
rp=14— (27)

5
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The final solution is therefore

| 1 —f—lg]t
& 2-45,
= 3t (28)
Z3 —2—-=
T4 t
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