LINEARLY INDEPENDENT EXPONENTIALS

Link to: physicspages home page.

To leave a comment or report an error, please use the auxiliary blog and
include the title or URL of this post in your comment.

Post date: 26 December 2024.

Theorem 1. Given a set of m distinct complex numbers \i, A, ..., Ay, where
g % g for k # € the functions eM? 2% .. e*m? are linearly independent
on the complex plane. That is if

c1eM? 4 e L epe’m =0 (1)

the only solution is

co=c=...=¢,=0 )

Proof. We can prove this by induction. First, we note that if m = 1, then

c1eM? =0 (3)

has the unique solution ¢; = 0, since the exponential function is never zero.

Next we assume that [2]is the only solution of [I] for a given value of m,
and use this to prove that adding another term ¢, e’ +1* to the LHS of
requires that ¢,, 1 = 0. That is, we start with

c1eM? 4 e e 4 ey e’Mm1E =0 4
We divide through by e? to get

Cl _|_ Cze()\Z*)\l)Z + . _|_ Cme(A’!rL*)\l)Z + Cm_"_le()\'rn-ﬁ’l*)‘l)z — O (5)

Next, we take the derivative with respect to z to get

16} ()\2 — )\1) 6()\2_)\1)2 +...+cm </\m — /\1) e(Am_)\l)Z +Cm+1 ()‘m—i-l — )\1) 6()‘"‘“_)‘1)2 =0
(6)

The inductive assumption is that[2]is true for the value m so[6|reduces to

Emi1 Ama1 — A1) eAmi1=A1)z _ (7

Also, one of the assumptions in the theorem is that all the A\ys are different,

SO A\ppt1 — A1 # 0, therefore we must have
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Cm+1 =0 (®)
Therefore [2is true for m + 1, thus the functions eM?, 2%, ... erm? eAm+12
are linearly independent. 0



