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We can find the Christoffel symbols for the wormhole metric by the usual

method of comparing the two forms of the geodesic equation. The worm-
hole metric is

ds2 =−dt2 +dr2 +
(
b2 + r2)(dθ2 + sin2 θdφ2) (1)

where b is a constant.
To find the Christoffel symbols, we follow the same procedure as for the

Schwarzchild metric. The geodesic equation is (where a dot above a symbol
means the derivative with respect to τ ):

gαν ẍ
ν+

(
∂µgαν−

1
2
∂αgµν

)
ẋν ẋµ = 0 (2)

The following equation is formally equivalent to this:

ẍβ+Γ
β
µν ẋ

ν ẋµ = 0 (3)
The method for calculating the Christoffel symbols is to work out the

terms in 2, divide through by gαµ and then compare the result term by term
with 3. By doing this we are able to read off the Γ

β
µν as the coefficients of

ẋν ẋµ in 2.
Equation 2 is actually four equations, one for each value of α. The indices

µ and ν are summed. From 1 we have

gtt =−1
grr = 1

gθθ = b2 + r2

gφφ =
(
b2 + r2)sin2 θ

(4)

with all off-diagonal elements gµν equal to zero. From 2 we have, for α= t
(no sum over t):

gttẗ+

(
∂tgtt−

1
2
∂tgµν

)
ẋν ẋµ = 0 (5)
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The second term is zero because the metric is independent of t. Thus we
have

d2t

dτ2 = 0 (6)

For α= r, we have

grr
d2r

dτ2 +

(
∂rgrr−

1
2
∂rgµν

)
ẋν ẋµ = 0 (7)

From 4, we see that ∂rgrr = 0. The second term in parentheses can be
summed so we have, using grr = 1:

d2r

dτ2 −
1
2

2r

[(
dθ

dτ

)2

+ sin2 θ

(
dφ

dτ

)2
]
= 0 (8)

d2r

dτ2 − r

[(
dθ

dτ

)2

+ sin2 θ

(
dφ

dτ

)2
]
= 0 (9)

For α= θ, we have

(
b2 + r2) θ̈+∂µgθθθ̇ẋµ− 1

2
∂θgµν ẋ

ν ẋµ = 0 (10)

Breaking this down, we have

∂µgθθθ̇ẋ
µ = 2r

dθ

dτ

dr

dτ
(11)

−1
2
∂θgµν ẋ

ν ẋµ =−1
2
(
b2 + r2)(2sinθ cosθ)

(
dφ

dτ

)2

(12)

=−
(
b2 + r2)sinθ cosθ

(
dφ

dτ

)2

(13)

Putting it together, we get

(
b2 + r2) d2θ

dτ2 =−2r
dθ

dτ

dr

dτ
+
(
b2 + r2)sinθ cosθ

(
dφ

dτ

)2

(14)

or

d2θ

dτ2 +
2r

b2 + r2
dθ

dτ

dr

dτ
− sinθ cosθ

(
dφ

dτ

)2

= 0 (15)

Finally, for α= φ we have
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(
b2 + r2)sin2 θφ̈+∂µgφφφ̇ẋ

µ− 1
2
∂φgµν ẋ

ν ẋµ = 0 (16)

Because the metric is independent of φ, the last term is zero, and we have

(
b2 + r2)sin2 θ

d2φ

dτ2 +2r sin2 θ
dφ

dτ

dr

dτ
+
(
b2 + r2)2sinθ cosθ

dθ

dτ

dφ

dτ
= 0

(17)
or

d2φ

dτ2 +
2r

b2 + r2
dφ

dτ

dr

dτ
+2

cosθ
sinθ

dθ

dτ

dφ

dτ
= 0 (18)

We can now compare each of 6, 9, 15 and 18 with 3 to read off the
Christoffel symbols. The non-zero symbols are

Γ
r
θθ =−r

Γ
r
φφ =−r sin2 θ

Γ
θ
rθ = Γ

θ
θr =

r

b2 + r2

Γ
θ
φφ =−sinθ cosθ

Γ
φ
φr = Γ

φ
rφ =

r

b2 + r2

Γ
φ
θφ = Γ

φ
φθ =

cosθ
sinθ

= cotθ

(19)

The results for Γθ rθ =Γθ θr and Γ
φ
θφ=Γ

φ
φθ follow from the fact that in the

sum over µ and ν in 3 we have two of each off-diagonal term. For example,
we have Γθ rθṙθ̇+Γθ θrθ̇ṙ = 2Γθ rθṙθ̇ due to the symmetry of Γθ rθ. When
comparing this with 15, we have

2Γ
θ
rθ = 2Γ

θ
θr =

2r
b2 + r2 (20)


