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We are now in a position to revisit the system with sinusoidal coordinates.
To review, we had a 2-d system with coordinates v and w defined in terms
of the usual rectangular coordinates x and y by

u=ux (1)
w =y — Asin (bz) (2)

The metric for this system is

[ 1+4[Abcos(bu)]*  Abcos (bu)
Jii = Abcos (bu) 1

We looked at an object with a velocity given by v = [v,0] where v is
a constant. The acceleration of the object is zero, but if we calculate the
velocity components in the uw system, we get

3)

v = 4)
v?¥ = —Abcos (bu)v 5)

so although dv"/dt = 0, dv® /dt # 0 since u = x = vt varies with time.
To get the ’true’ acceleration, we need to find the actual differential dv

and divide this by dt. We’ve seen how to do this when we defined the
Christotfel symbols:

ozl

To calculate dv, we need the F]‘Z? j for the uw system, which we can calcu-
late in the usual way using the geodesic equation. We start with

ok .
dv = {i + zﬂr’gj] ejda’ (©)

Gaj ! + (@gaj — Eaagij) ' =0 (7
Since g;; is independent of w only derivatives with respect to u are non-

zero. Consider first a = u; then we get
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[1 + [Abcos (bu)]z} i+ (Abcos bu) i — A%b> cos bu sin but® +
[~ Ab*sinbu — (—Ab*sinbu) | ao =0 (8)
[1 + [Abcos (bu)]z} i+ (Abcosbu) w — A%b’ cosbusinbui> =0 (9)
Now for a = w:
Abcos buii + 1w — Ab? sinbuti> = 0 (10)

We would like to compare these equations with the equation involving
the Christoffel symbols:

# 4T i =0 (11)

However, because the metric here is not diagonal, we get second deriva-

tives of more than one coordinate in each equation. We can eliminate

by multiplying [I0| by Abcosbu and subtracting it from [0] This gives the
convenient result:

i=0 (12)
From this we conclude that
0 0
F%j = |: 00 } (13)
We can substitute [12]into [T10] to get

W — Ab? sinbui® =0 (14)
from which we conclude

—Ab%sinbu 0
F%‘ = { 0 0 ] (15)
We can now evaluate 6] to find:

— . |
dvt = % —i—vllﬂ,fj} dx’? (16)
—0 (17)

GG . .
= | S+ v’rz’]} da? (18)
= [Ab*vsinbu — v Ab? sinbu] du (19)

=0 (20)
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Thus by taking the proper derivative using the Christoffel symbols, the
differentials of both components of velocity are zero, so the acceleration is
zero in the uw system as well.



