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Suppose we have an observer falling in towards a black hole, having

started at rest at infinity. We’ve seen that the local flat frame of such an
observer has basis vectors whose components in the global frame are given
by
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Now suppose that as this observer crosses the point r = 6GM , an object
in a circular orbit at that radius flies past him. What is the (ordinary) velocity
of this object as seen by the observer?

To answer this, we need the four-momentum of the object in the circular
orbit. We can get this from the conserved quantities e and `.
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For a circular orbit, we can get ` and e using our earlier formulas:
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For r = 6GM , we get
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Plugging these into the earlier equations, we get
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where the last two follow from the fact that the orbit is circular (so r is con-
stant) and in the equatorial plane. Thus the four-momentum (in the global
frame) is
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where m is the mass of the orbiting object.
We can now get the components of the velocity relative to the observer

from
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We therefore have (leaving out all terms that are zero):
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The speed is then
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