
COMPOSITION OF VELOCITIES IN RELATIVITY

Link to: physicspages home page.
To leave a comment or report an error, please use the auxiliary blog and

include the title or URL of this post in your comment.
Post date: 18 June 2021.
In Newtonian physics, velocities add according to the law of vector ad-

dition. If an object is moving at velocity v relative to one reference frame,
then if that frame is moving at velocity w relative to the another frame, the
object will be moving at velocity v+w relative to the second frame.

Clearly, this velocity composition law won’t work in relativity since, if
both v and w have magnitudes (speeds) greater than 0.5 and point in the
same direction, the resulting velocity would be greater than 1, which is not
allowed by the postulates of relativity. We can work out the relativistic
velocity composition formula by using the Lorentz transformations. We’ll
consider first the case where both velocities are parallel to the x axis.

The transformations from the first frame described above to the second
are:

x= γ(w)x̄+wγ(w)t̄ (1)

t= wγ(w)x̄+γ(w)t̄ (2)

where γ(w) = 1/
√

1−w2.
In particular, if we consider small increments of x and t we get

∆x= γ(w)∆x̄+wγ(w)∆t̄ (3)

∆t= wγ(w)∆x̄+γ(w)∆t̄ (4)

The velocity relative to the second frame can now be found if we take the
quotient ∆x/∆t. That is, we get

∆x

∆t
=
γ(w)∆x̄+wγ(w)∆t̄

wγ(w)∆x̄+γ(w)∆t̄
(5)

=
∆x̄+w∆t̄

w∆x̄+∆t̄
(6)

We now divide top and bottom by ∆t̄ to get
1

https://physicspages.com
https://physicspagescomments.wordpress.com
http://physicspages.com/pdf/Relativity/Postulates%20of%20special%20relativity.pdf
http://physicspages.com/pdf/Relativity/Lorentz%20transformations.pdf


COMPOSITION OF VELOCITIES IN RELATIVITY 2

∆x

∆t
=

∆x̄/∆t̄+w

w∆x̄/∆t̄+1
(7)

In the limit, ∆x̄/∆t̄ = v, the velocity of the particle relative to the first
frame, so the velocity of the particle as observed in the second frame is v′:

v′ =
v+w

wv+1
(8)

That is, the two velocities don’t add directly; they are moderated by the
denominator term of wv+1. As long as both |v| ≤ 1 and |w| ≤ 1, |v′| ≤ 1
as well. In the extreme case where one or the other (or both) of v and w is
equal to 1, then v′ = 1 also, so that adding any speed to the speed of light
just gives the speed of light back again. This ensures that the speed of light
is always the same in every inertial frame.

We can also obtain the velocity composition formula 8 from the four-
velocity. In the particle’s rest frame, ~U = (1,0,0,0). Applying the Lorentz
transformation for v in the +x direction, we get

~U
Ō→ (γ,−vγ,0,0) (9)

In the general case of a velocity in any direction we get

~U
Ō→ (γ,−vxγ,−vyγ,−vzγ) (10)

with

γ =
1√

1−v2
x−v2

y−v2
z

(11)

Note that ~U · ~U =−1 is still satisfied.
We can thus write a formula for the three-velocity in terms of components

of the four-velocity

v =−1
γ
(U1,U2,U3) (12)

γ = U0 (13)

v =− 1
U0 (U

1,U2,U3) (14)

Now to get the composition formula, we start with the four-velocity of a
particle with speed w relative to frame Ō

~U
Ō→ (γ(w),−wγ(w)) (15)
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Transforming this to another frame ¯̄O with speed v relative to frame Ō we
get, using the Lorentz transformations:

~U
¯̄O→ (γ(v)γ(w)+wvγ(w)γ(v),−vγ(w)γ(v)−wγ(w)γ(v)) (16)

The speed should therefore be −U1/U0:

−U
1

U0 =−−vγ(w)γ(v)−wγ(w)γ(v)
γ(v)γ(w)+wvγ(w)γ(v)

(17)

=
v+w

1+vw
(18)

which is the velocity summation formula.
What if the two velocities are not parallel? In this case, something ex-

tremely weird happens. We’ll illustrate with a specific example. Suppose
we consider two successive Lorentz transformations, one in the x direction
and the other in the y direction. To make things specific, we’ll say that the
first transformation is for v = 0.6~ex, γ(v) = 5

4 , and for the other transfor-
mation w = 0.8~ey, γ(w) = 5

3 . If we do the transformation along the x axis
first, the first transformation matrix from frame O to frame Ō is

Λ
γ̄
µ =


5
4 −3

4 0 0
−3

4
5
4 0 0

0 0 1 0
0 0 0 1

 (19)

Then the transformation along the y axis uses the transformation matrix
from frame Ō to frame ¯̄O is

Λ
¯̄α
γ̄ =


5
3 0 −4

3 0
0 1 0 0
−4

3 0 5
3 0

0 0 0 1

 (20)

The combined transformation from frame O to frame ¯̄O is just the prod-
uct of these two matrices Λ

¯̄α
µ = Λ

¯̄α
γ̄(w)Λγ̄µ(v) and we get

Λ
¯̄α
µ =


25
12 −5

4 −4
3 0

−3
4

5
4 0 0

−5
3 1 5

3 0
0 0 0 1

 (21)
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Now for the weird bit. If we do the transformation in the opposite order
(y first, then x) and follow through the same calculations, it amounts to
multiplying the two matrices in the opposite order, with the result

Λ
¯̄α
γ̄(v)Λ

γ̄
µ(w) =


25
12 −3

4 −5
3 0

−5
4

5
4 1 0

−4
3 0 5

3 0
0 0 0 1

 (22)

This matrix is not the same as that for the transformations in the original
order. That is, velocity transformations in relativity do not commute, unless
the velocities are parallel. This, like so much in relativity, seems to violate
common sense, but it is an established result of the theory. The seeming
paradox has in fact been the subject of research, but that would carry us
beyond this post.
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