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We’ve seen that objects such as the tangent vector to a curve are con-

travariant tensors, in that they transform under a change of coordinates ac-
cording to the rule (for a rank-2 tensor, for example):

X ′ab =
∂x′a

∂xi
∂x′b

∂xj
Xij (1)

Note that the indices on the tensor are superscripts, and in the transforma-
tion, the original coordinate system’s components are those with which the
derivative is taken with respect to. That is, the new (primed) coordinates are
taken to be functions of the old (unprimed) coordinates.

Suppose we turn the tables and express the unprimed coordinates as func-
tions of the primed ones, like so:

xa = xa
(
x′
)

(2)
where as usual this notation indicates a set of n equations, one for each of
the xa, and the argument of the function indicates that it is a function of all
the primed coordinates. This is the inverse of the original transformation
from unprimed to primed coordinates.

Now suppose we have a function defined in terms of the unprimed coor-
dinates:

g = g (x) (3)
We can write this as a function of the primed coordinates using the trans-
formation equations above:

g = g
(
x
(
x′
))

(4)
When we derived the condition for a contravariant tensor, we considered

a one-dimensional curve defined within the manifold by using a single pa-
rameter u, and then we asked how the function changed as we moved along
this curve. This time, we ask simply for the derivative of a function with
respect to each of the primed coordinates. An example of this is the gradient
of the function. Using the chain rule, we get
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∂g

∂x′a
=

∂g

∂xi
∂xi

∂x′a
(5)

That is, the quantity ∂g/∂xi transforms by multiplying it with the term
∂xi/∂x′a and summing over i. The quantities ∂xi/∂x′a are entries in the
Jacobian determinant for the inverse transformation. Furthermore the index
i in ∂g/∂xi is now on the bottom (it is a superscript index, but it’s in the
denominator, so it counts as a lower index). We can write any object that
transforms in this way using the notation Ta, so that

The term ’covariant’
is falling out of use.
Rank 1 covariant
tensors are more
commonly called
’one-forms’.

T ′
a =

∂xi

∂x′a
Ti (6)

This is called a covariant vector, or covariant tensor of rank 1. Higher
rank tensors can be defined in the usual way, by multiplying by further
derivative factors. Thus a rank 2 covariant tensor transforms as

T ′
ab =

∂xi

∂x′a
∂xj

∂x′b
Tij (7)

and so on.
We can also define mixed tensors (tensors that contain both contravariant

and covariant indexes) in a relatively obvious way. For example, a tensor
with contravariant rank 2 and covariant rank 1, written as a (2,1) tensor,
transforms according to

T ′ab
c =

∂x′a

∂xi
∂x′b

∂xj
∂xk

∂x′c
T ij

k (8)

Note the position of the primed and unprimed coordinates in each case.
The summation convention applies only to repeated indexes where one in-
dex in each pair is upper and the other is lower.
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