COVARIANT DERIVATIVE IS A TENSOR
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[Thanks to Petra Axolotl for help with this solution. ]

The Christoffel symbols appear when we take the total or covariant de-
rivative of a tensor in a general coordinate system. They arise because, in
general, the derivatives of the basis vectors in a general coordinate system
are not zero. They are defined as

oe,,
728 =L ager (1)

where the e, are the basis vectors. That is, they are the components of
the derivatives of the basis vectors (which are vectors in their own right) in
terms of the same basis vectors. .

The total derivative of a vector V' is then

V= V4 VT @

Note the use of a semicolon on the LHS and a comma on the RHS to de-
note, respectively, the covariant derivative and the ordinary derivative with
respect to the coordinate 2.

It turns out that each of the two terms on the RHS of [2] is not itself a
tensor, although their sum is. Seeing this is a bit tricky. To do it, we need
to examine how 2] transforms under a change of coordinates. We’ll work
through this for the transformation of a vector; the proof for a one-form is
similar.

First, recall that under a change of coordinates, a vector transforms as
(primed indexes refer to the new coordinate system; unprimed to the old):

VT =A%,V 3)

/. . . .
where A7, is the matrix of derivatives

o oz
)= 5]
For changing from rectangular to polar, for example, we have
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;[ oo
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The basis vectors transform oppositely to the vector components, so we
have

e, =N eq (6)
where
ox®
Aa /| = 7 7
A= 5] 0

Now consider how [2| transforms. We’ll look at the first term V¢,. We
transform the vector component first to get

v v 1B
V7= (v >,w @®)
Now we apply the product rule to get
/ o / ﬁ / /8
ve= (A B)M/V AV ©)
The second term can be expanded using the chain rule.
B _ B
Vv W= VPN, (10)
Thus we have
/ o / ﬂ l/, /B
vy, = (A”/;)’M/V +AY AV (1)

This shows that the ordinary derivative V' 3 does not transform like a
tensor. If it did, the transformation would be

VY =AY NGV (12)

That is, we’d have one A matrix for each of the two indexes. However, the
first term on the RHS of[T1]is in general not zero, so the ordinary derivative
@ does not transform like a tensor.

I

Now consider the second term on the RHS of 2l We wish to find

VO (13)
To do this, we use which shows that F”/O_, y is the v/ component of gzz’/.

So we have
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We now use[6]to write the basis vector e, in terms of the basis vectors from
the original coordinates.

! (96 ! v/ /
(e (7/ — VO'
57

The term in brackets is the v/ component of a vector in the new coordinates,
so we can write it in terms of the old coordinates using [4]

7//
VO e =V {a e"’} (14)
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Oxt

(15)
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Oxt Oxt
We now expand the derivative using the product rule.
o 0 (Cw/\wo,/) v ! o aew B o
— A=V Do ,+ewAUN, Ap 17)

We now express the first derivative in terms of the old coordinates.

aew ﬂ / 0. 86(‘) i /8 /
V |i81‘ o' + ewAw :| Ayﬁ = V axa Aa /Aw o’ —|— ewAw Ayﬁ
- (18)
o’ -aew RN w 17 v
=V %A H/A o + CWA oyt A 8
) - (19)

In the second term in brackets, the 3 index refers to the component of
V”/ew/\ o that lies along the basis vector eg (since both 3 and w are
unprlmed they refer to the same coordinate system). However, from the
definition of basis vectors, the # component is nonzero only along the eg
basis vector, so

B
ety | =P, (20)

Also, from the definition 1| of the Christoffel symbols, the 5 component

of ggg is T was SO We have
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VT = VTP A A g+ A, AV

(22)

where we’ve inserted the original term [[3] on the LHS in the last line. We
thus see that this term V"/F”'O, y does not transform as a tensor due to the
extra term on the RHS of 22|

What we’d like to show, however, is that the sum V¢ s+ 7400 B B does
transform like a tensor. Adding [I1]and 22| we have

VYV = (A 5>7u/ VP4 A A GV 4
VETP L A A+ A, NV (23)

_ (v€a+VWF5 )Aa A 5t
A VPN, NV (24)

We need to show that the last two terms sum up to zero. To do this, we use
VB = AP U,V”/ to get

v ) B v d B B v
N VAN NGV = [N N AT NIV 2s)

The terms in brackets are the expansion of a derivative using the product
rule. That is

v B B B
NN 4 N A5 = [N ]M (26)
However, the matrices A° ., and AY 5 are inverses of each other, so their
product is the identity matrix, which is a constant, so its derivative is zero.
Thus we get our final result
VY, VI, = (véa + Vwrﬁwa) A®

oA 27)

which shows that that the covariant derivative Vﬁ;a does indeed transform
as a tensor.
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