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Consider the vector field with components in rectangular coordinates:

~V =
[
x2 +3y,y2 +3x

]
(1)

We’ve looked at converting the vector to polar coordinates, but we now
wish to look at its derivatives in polar coordinates.

One way of doing this is to calculate the derivatives in rectangular co-
ordinates and then use the transformation matrices to convert the result to
polar. Thus we have

V x
,x = 2x

V x
,y = 3

V y
,x = 3

V y
,y = 2y

(2)

or„ in matrix notation

V α
,β =

[
2x 3
3 2y

]
(3)

=

[
2r cosθ 3

3 2r sinθ

]
(4)

The derivatives have one upper and one lower index, so we need both
forms of the transformation matrix to do the conversion. That is

V α′
,;β = Λ

α′
γΛ

δ
β′V

γ
,δ (5)

where the primed indices refer to polar and the unprimed to rectangular.
Note the use of a semicolon in V α′

,;β . This indicates the total (covariant) de-
rivative, which takes into account that the basis vectors in polar coordinates
are not constant. In general, V α′

,;β 6= V α′
,,β . The two derivatives are equal

only in coordinate systems where the basis vectors are constants, such as
rectangular coordinates.

The matrices are
1
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Λ
α′
γ =

[
cosθ sinθ
− sinθ

r
cosθ
r

]
(6)

Λ
δ
β′ =

[
cosθ −r sinθ
sinθ r cosθ

]
(7)

Doing the matrix multiplications with Maple, we need to be careful of the
order of the matrices. Note that we sum over the column index γ of Λα

′
γ and

the row index δ of Λδ β′ , so we need to multiply the matrices in the order[
V α′

,;β

]
=
[
Λ
α′
γ

][
V γ

,δ

][
Λ
δ
β′

]
(8)

Doing this gives the results

V r
;r =

(
−2cos(θ)2 r+6cos(θ)+2r

)
sin(θ)+2cos(θ)3 r (9)

V r
;θ =−2r

(
3
2
+ cos(θ)3 r+(r sin(θ)−3)cos(θ)2− r cos(θ)

)
(10)

V θ
;r =
−3−2cos(θ)3 r+(−2r sin(θ)+6)cos(θ)2 +2r cos(θ)

r
(11)

V θ
;θ = 2cos(θ)sin(θ)(r cos(θ)+ r sin(θ)−3) (12)

We can also find these derivatives by using the Christoffel symbols for
polar coordinates

Γ
r
µν =

[
0 0
0 −r

]
Γ
θ
µν =

[
0 r−1

r−1 0

] (13)

where µ,ν can take on the values r,θ.
In terms of Christoffel symbols, the derivatives are

V α
;β =

∂V α

∂xβ
+V γ

Γ
α
γβ (14)

where everything is to be expressed in polar coordinates. In particular, we
need the polar form of ~V

~Vpolar =
[
r2 (cos3 θ+ sin3 θ

)
+6r sinθ cosθ,

r
(
cosθ sin2 θ− cos2 θ sinθ

)
+3
(
cos2 θ− sin2 θ

)]
(15)

The derivatives ∂V α

∂xβ
are (from Maple)
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∂V r

∂r
= 2r

(
cos3 θ+ sin3 θ

)
+6sinθ cosθ (16)

∂V r

∂θ
= 3r2 (−sinθ cos2 θ+ sin2 θ cosθ

)
+6r

(
cos2 θ− sin2 θ

)
(17)

∂V θ

∂r
= cosθ sin2 θ− cos2 θ sinθ (18)

∂V θ

∂θ
= r
(
2sinθ cos2 θ− sin3 θ− cos3 θ+2sin2 θ cosθ

)
−12cosθ sinθ

(19)

We can now calculate V α
,β using 14.

V r
,r =

∂V r

∂r
+V γ

Γ
r
γr (20)

From 13, Γr rr = Γr θr = 0 so

V r
;r =

∂V r

∂r
= 2r

(
cos3 θ+ sin3 θ

)
+6sinθ cosθ (21)

Comparing with 9, we can simplify the earlier expression using cos2 θ+
sin2 θ = 1. In particular, the term

−2cos(θ)2 r+6cos(θ)+2r = 2r
(
1− cos2 θ

)
+6cosθ (22)

= 2r sin2 θ+6cosθ (23)

Inserting this back into 9 we see that it is the same as 21.
For V r

,θ we have

V r
;θ = 3r2 (−sinθ cos2 θ+ sin2 θ cosθ

)
+6r

(
cos2 θ− sin2 θ

)
+V γ

Γ
r
γθ
(24)

From 13, Γr rθ = 0 and Γr θθ =−r,so we have

V r
;θ = 3r2 (−sinθ cos2 θ+ sin2 θ cosθ

)
+6r

(
cos2 θ− sin2 θ

)
+

− r
(
r
(
cosθ sin2 θ− cos2 θ sinθ

)
+3
(
cos2 θ− sin2 θ

))
(25)

=−2r
(

3
2
+ cos(θ)3 r+(r sin(θ)−3)cos(θ)2− r cos(θ)

)
(26)

where we used Maple to simplify the expression and get the last line. This
agrees with 10.

For V θ
r we have
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V θ
;r = cosθ sin2 θ− cos2 θ sinθ+V θ

Γ
θ
θr (27)

= cosθ sin2 θ− cos2 θ sinθ+
1
r

[
r
(
cosθ sin2 θ− cos2 θ sinθ

)
+3
(
cos2 θ− sin2 θ

)]
(28)

=
−3−2cos(θ)3 r+(−2r sin(θ)+6)cos(θ)2 +2r cos(θ)

r
(29)

which agrees with 11.
Finally, for V θ

,θ we have

V θ
;θ = r

(
2sinθ cos2 θ− sin3 θ− cos3 θ+2sin2 θ cosθ

)
−12cosθ sinθ+V r

Γ
θ
rθ

(30)

= r
(
2sinθ cos2 θ− sin3 θ− cos3 θ+2sin2 θ cosθ

)
−12cosθ sinθ+

1
r

[
r2 (cos3 θ+ sin3 θ

)
+6r sinθ cosθ

]
(31)

= 2cos(θ)sin(θ)(r cos(θ)+ r sin(θ)−3) (32)

which agrees with 12.
Most of these expressions can be converted into other (possibly nicer)

forms using trig identities, but the purpose of this exercise is to show that
we can get the same expressions for the derivatives by converting the rect-
angular to the polar form using the Λ matrices, and by using the Christoffel
symbols on the polar forms directly.
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