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The derivation of the Schwarzschild metric applies to the empty space
outside a spherically symmetric source. We can apply a similar method to
try to find a metric for the interior of a spherically symmetric, static source
such as a non-rotating star. As usual, we can make a number of simplifying
assumptions. Spherically symmetry implies that the metric has the general
form

ds? = —A(r)dt* + B (r) dr* + r>d6? + r* sin® 0dp> (1)

where the functions A and B are to be determined; they depend only

on r because we’re assuming that everything is independent of time. An-

other simplification is the assumption that the star’s matter is a perfect fluid.

We’ve looked at the Einstein equation for a perfect fluid before, which has
the general form (with A = 0):

1
RM =8nG (TW —5 g‘“’T) (2)
The stress-energy tensor is

TH = (p+ P)utu” + Pgh” 3)

where u# is the four-velocity, p is the energy density and P is the pres-
sure, both of which can be functions of r.
We have for the stress-energy scalar:

T = (10+P) guuuuuy "‘Pg,uug'uy 4)
=—(p+P)+4P 5)

=3P—p (6)

since g,,g"" =4 and g, uHu” = —1 in any coordinate system. This

gives

1 1
T — 2T = (p+ P)ut’ + 39" (p—P) )
1
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Lowering the indices in[7, we get

1 1
Ty — EQWT = (p+ P)uyuy, + 59w (p—1P) )
Since the fluid is at rest, the spatial components of the four-velocity u;

are all zero. From the condition g, u"u"” = —1 we have
Guutu” = guutul = —A (ut)2 =—1 9)
1
t

73 (10)
up = guu’ = gyut = —Aut = —VA (11)

Equation [2] with indices lowered is

1
Ry, =81G (T/w — EQWT> (12)

so with the above results, we get

Ry = 8nG ((P+P)Utut+%gtt(P—P)) (13)
= 87G {(p+P)A—§(p—P)} (14)
= 47GA(p+3P) (15)
oy =876 (04 P+ 30 (0 ) (16)
— 4G (0+ B(p— P)) (17)
_ 4GB (p—P) (18)
Rgg = 871G ((P+P)UGU9+%900 (P—P)> (19)
=47G (041 (p—P)) (20)
= 47Gr* (p—P) 1)

We can combine these three equations to eliminate P:

Rtt Rrr 2R99
—_— 4 — = 167G 22
When we worked out the Ricci tensor in terms of the metric, we got the
equations
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2 2 1
Ll (0:B)” (9 A) (0B) —(0,A4)"  (0;A)(0,B) | 20,A|
2 | AT OB g 2A Y B B
(23)
U o 0iA = (0A)(0B) | (0,4)(0,B)— (0B)*  2A8,B]|
2A 8ttB aTTA+ 2A + 2B + ’I"B _RT'T
(24)
_r@rA ropB —l—R
2AB ' 2B? B~
(25)
B
— = {ur
,
(26)
All time derivatives are zero, so these equations simplify to
2, (0A? (0:4)(0.B) 20,A|
2B Y o oy | T @D
1 > o (0,A)? (9,A)(0,B) 240,B|
74 O A+ At Tt g | =R (29
royA ro.B 1
“oap Tap TlopTHe 9
0= Ry (30)
Applying 22 we get
oA 0B 9A OB 2 2
ABr ' rB? rAB ' rB2 ﬁ_rz_B_MWGp(r) (D)
8 B 1
"B +1-— E—SWGT p(r) (32)
[ (1——) = 87Gr? p(r (33)
2
r(l—E) :2G/O 471'(7“/) P r')dr'
(34)

The integral on the last line resembles the mass of the star out to radius r,
as it’s the integral of the density p over a set of spherical shells of radius 7/,

surface area 4 (1’ )2 and thickness dr’. However, the Schwarzschild radial
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coordinate 7 isn’t equal to the actual radial distance (it’s a |circumferential
coordinate), so this isn’t quite accurate. With the definition

m(r) = /0 4m (r/)zp (r') dr’ (35)
we therefore have
1 LY _ 2G 36
(1= ) =20m0) (36)
-1
B = {1 - 2G+(T)} 37

This gives us B, but what about A? If we use the stress-energy tensor’s
conservation equation
vV, T =0 (38)
we can look at ;¢ = r component, starting from 3] The [absolute gradient
is defined in terms of Christoffel symbols as
V, T = 0,T" + THy ,+T"TY,, (39)

so for =1 and p = v we have

v, TV =0, T" +TT,,+ 1T, (40)

Since the covariant derivative of the metric tensor is zero and P is a scalar
(so its covariant derivative is the same as its ordinary derivative), we have

vV, TV =V, [(p+ P)u"u’]+ V, (Pg"") 41)
=V, [(p+P)u"u")+¢"0.P (42)
=0, [(p+P)u"u’] + (p+ P) [u®u’T7, +u"uT", )+ ¢" 0, P
(43)
=0 (44)

Because the fluid is at rest, ©" = u? = u® = 0 so this reduces to

(p+ P)u'u!'T}, +¢""0,P =0 (45)

For a diagonal metric ¢"¥ = -1 s0 ¢'" = %, from|10|u! = \/LZ’

™ and from
the Christoffel symbol worksheet I';, = '}, = ﬁ@,«A so we have
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oA 8P
(p+P)ipt 5 =0 (46)
1dA 2 dP

—— = 47
A dr p+ P dr @47

To solve this, we need to know both p and P as functions of . We can
make some headway by using Rgg in[21]and 25] We have

ro,A ro.B 1

— - = 2 —
2AB+ ¥ +1 5 47Gre(p— P) (48)
From[32] and 36
orB 1
P2 —gncrp - (1—§> (49)
2G
= 81Grlp— Tm (50)
Plugging this and [37]into 48}
r 2 dP Gm 2Gm
(= Y p a4ty - T _ax G (p— P 1
ZB( p—i—Pdr)+ TGrep " + " wGre (p ) (51)
2 2Gm\ dP
1— — — — (47Gr*P
p+P( " ) o ( mGr —i—Gm)
(52)
dP  (p+P) (47Gr3P+Gm)
dr r2 1—-2Gm/r
(53)

This is the Oppenheimer-Volkoff equation for stellar structure. In order
to solve it, we need a couple of other equations involving m and p, but
we’ll leave that for later. [By the way, for anyone interested in trivia, the
Volkoff after whom this equation is named is George Volkoff, and he was
the Dean of Science at the University of British Columbia in Vancouver
when I was doing my undergraduate degree in physics and astronomy there
in the 1970s. Sadly, I never had him as a professor.]
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