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The derivation of the Schwarzschild metric applies to the empty space

outside a spherically symmetric source. We can apply a similar method to
try to find a metric for the interior of a spherically symmetric, static source
such as a non-rotating star. As usual, we can make a number of simplifying
assumptions. Spherically symmetry implies that the metric has the general
form

ds2 =−A(r)dt2 +B (r)dr2 + r2dθ2 + r2 sin2 θdφ2 (1)
where the functions A and B are to be determined; they depend only

on r because we’re assuming that everything is independent of time. An-
other simplification is the assumption that the star’s matter is a perfect fluid.
We’ve looked at the Einstein equation for a perfect fluid before, which has
the general form (with Λ = 0):

Rµν = 8πG
(
Tµν− 1

2
gµνT

)
(2)

The stress-energy tensor is

Tµν = (ρ+P )uµuν+Pgµν (3)
where uµ is the four-velocity, ρ is the energy density and P is the pres-

sure, both of which can be functions of r.
We have for the stress-energy scalar:

T = (ρ+P )gµνu
µuν+Pgµνg

µν (4)

=−(ρ+P )+4P (5)
= 3P −ρ (6)

since gµνgµν = 4 and gµνu
µuν = −1 in any coordinate system. This

gives

Tµν− 1
2
gµνT = (ρ+P )uµuν+

1
2
gµν (ρ−P ) (7)

1
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Lowering the indices in 7, we get

Tµν−
1
2
gµνT = (ρ+P )uµuν+

1
2
gµν (ρ−P ) (8)

Since the fluid is at rest, the spatial components of the four-velocity ui
are all zero. From the condition gµνuµuν =−1 we have

gµνu
µuν = gttu

tut =−A
(
ut
)2

=−1 (9)

ut =
1√
A

(10)

ut = gtνu
ν = gttu

t =−Aut =−
√
A (11)

Equation 2 with indices lowered is

Rµν = 8πG
(
Tµν−

1
2
gµνT

)
(12)

so with the above results, we get

Rtt = 8πG
(
(ρ+P )utut+

1
2
gtt (ρ−P )

)
(13)

= 8πG
[
(ρ+P )A− A

2
(ρ−P )

]
(14)

= 4πGA(ρ+3P ) (15)

Rrr = 8πG
(
(ρ+P )urur+

1
2
grr (ρ−P )

)
(16)

= 4πG(0+B (ρ−P )) (17)

= 4πGB (ρ−P ) (18)

Rθθ = 8πG
(
(ρ+P )uθuθ+

1
2
gθθ (ρ−P )

)
(19)

= 4πG
(
0+ r2 (ρ−P )

)
(20)

= 4πGr2 (ρ−P ) (21)

We can combine these three equations to eliminate P :

Rtt
A

+
Rrr
B

+
2Rθθ
r2 = 16πGρ (22)

When we worked out the Ricci tensor in terms of the metric, we got the
equations

http://physicspages.com/pdf/Relativity/Schwarzschild%20metric%20-%20finding%20the%20metric;%20Birkhoff's%20theorem.pdf
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1
2B

[
∂2
rrA−∂2

ttB+
(∂tB)2

2B
+

(∂tA)(∂tB)− (∂rA)
2

2A
− (∂rA)(∂rB)

2B
+

2∂rA
r

]
=Rtt

(23)

1
2A

[
∂2
ttB−∂2

rrA+
(∂rA)

2− (∂tA)(∂tB)

2A
+

(∂rA)(∂rB)− (∂tB)2

2B
+

2A∂rB
rB

]
=Rrr

(24)

−r∂rA
2AB

+
r∂rB

2B2 +1− 1
B

=Rθθ

(25)
∂tB

rB
=Rtr

(26)

All time derivatives are zero, so these equations simplify to

1
2B

[
∂2
rrA−

(∂rA)
2

2A
− (∂rA)(∂rB)

2B
+

2∂rA
r

]
=Rtt (27)

1
2A

[
−∂2

rrA+
(∂rA)

2

2A
+

(∂rA)(∂rB)

2B
+

2A∂rB
rB

]
=Rrr (28)

−r∂rA
2AB

+
r∂rB

2B2 +1− 1
B

=Rθθ (29)

0 =Rtr (30)

Applying 22 we get

∂rA

ABr
+
∂rB

rB2 −
∂rA

rAB
+
∂rB

rB2 +
2
r2 −

2
r2B

= 16πGρ(r) (31)

r
∂rB

B2 +1− 1
B

= 8πGr2ρ(r) (32)

d

dr

[
r

(
1− 1

B

)]
= 8πGr2ρ(r) (33)

r

(
1− 1

B

)
= 2G

∫ r

0
4π
(
r′
)2
ρ
(
r′
)
dr′

(34)

The integral on the last line resembles the mass of the star out to radius r,
as it’s the integral of the density ρ over a set of spherical shells of radius r′,
surface area 4π (r′)2 and thickness dr′. However, the Schwarzschild radial
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coordinate r isn’t equal to the actual radial distance (it’s a circumferential
coordinate), so this isn’t quite accurate. With the definition

m(r)≡
∫ r

0
4π
(
r′
)2
ρ
(
r′
)
dr′ (35)

we therefore have

r

(
1− 1

B

)
= 2Gm(r) (36)

B =

[
1− 2Gm(r)

r

]−1

(37)

This gives us B, but what about A? If we use the stress-energy tensor’s
conservation equation

∇νT
µν = 0 (38)

we can look at µ = r component, starting from 3. The absolute gradient
is defined in terms of Christoffel symbols as

∇ρT
µν = ∂ρT

µν+TµαΓ
ν
αρ+T

αν
Γ
µ
αρ (39)

so for µ= r and ρ= ν we have

∇νT
rν = ∂νT

rν+TανΓ
r
αν+T

rα
Γ
ν
αν (40)

Since the covariant derivative of the metric tensor is zero and P is a scalar
(so its covariant derivative is the same as its ordinary derivative), we have

∇νT
rν = ∇ν [(ρ+P )u

ruν ]+∇ν (Pg
rν) (41)

= ∇ν [(ρ+P )u
ruν ]+grr∂rP (42)

= ∂ν [(ρ+P )u
ruν ]+ (ρ+P ) [uαuνΓ

r
αν+u

ruαΓ
ν
αν ]+g

rr∂rP
(43)

= 0 (44)

Because the fluid is at rest, ur = uθ = uφ = 0 so this reduces to

(ρ+P )ututΓrtt+g
rr∂rP = 0 (45)

For a diagonal metric gµν = 1
gµν

so grr = 1
B , from 10 ut = 1√

A
, and from

the Christoffel symbol worksheet Γrtt = Γ1
00 =

1
2B∂rA so we have
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(ρ+P )
∂rA

2AB
+
∂rP

B
= 0 (46)

1
A

dA

dr
=− 2

ρ+P

dP

dr
(47)

To solve this, we need to know both ρ and P as functions of r. We can
make some headway by using Rθθ in 21 and 25. We have

− r∂rA
2AB

+
r∂rB

2B2 +1− 1
B

= 4πGr2 (ρ−P ) (48)

From 32 and 36

r
∂rB

B2 = 8πGr2ρ−
(

1− 1
B

)
(49)

= 8πGr2ρ− 2Gm
r

(50)

Plugging this and 37 into 48:

− r

2B

(
− 2
ρ+P

dP

dr

)
+4πGr2ρ− Gm

r
+

2Gm
r

= 4πGr2 (ρ−P ) (51)

r2

ρ+P

(
1− 2Gm

r

)
dP

dr
=−

(
4πGr3P +Gm

)
(52)

dP

dr
=−(ρ+P )

r2

(
4πGr3P +Gm

)
1−2Gm/r

(53)

This is the Oppenheimer-Volkoff equation for stellar structure. In order
to solve it, we need a couple of other equations involving m and ρ, but
we’ll leave that for later. [By the way, for anyone interested in trivia, the
Volkoff after whom this equation is named is George Volkoff, and he was
the Dean of Science at the University of British Columbia in Vancouver
when I was doing my undergraduate degree in physics and astronomy there
in the 1970s. Sadly, I never had him as a professor.]

https://en.wikipedia.org/wiki/George_Volkoff

