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The electromagnetic field tensor F/ is
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If we contract F”/ with the metric tensor in flat space, we get
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In the first line, we used F/ = — FJ: in the second, ni; = 1)j; and in the last

line, we swapped the dummy indexes ¢ and j. Thus the original quantity is
equal to its negative, so
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Now consider 7;q7; £ F°. First, since 199 = —1 and 7;; = +1 for i =
1,2,3:
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This is because the only sign change occurs when 7;;, = —1, which is when

j =b=0, so all elements F"¥ change sign. Then
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This time, the sign change occurs when ¢ = a = 0, so elements Fob change
sign. Thus lowering both indices in flat spacetime in rectangular coordinates
changes the sign of all the electric field entries, but leaves the magnetic field
unchanged.

Combining them, we get
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To work this out, note that if we first formed the matrix product F, Fbd
, then F,, F"® is the sum of the diagonal elements of this matrix product.
That is
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