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This is another example of the geodesic equation in a 2-d space-time
(with one time and one space dimension). The metric in this case is

ds? = —e /042 4 da? (1)

The metric tensor is then
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The geodesic equation is
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Using the time component of the geodesic equation, we get
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This might look impossible to solve since we don’t know dz/dr, but if
we try (for a constant c):
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Using the usual trick of requiring u-u = —1 we get
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Using the chain rule, we get
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where « and t( are constants of integration. If we set ¢ty = 0 and consider x
to be increasing from x (0), then we get, by inverting the above equation:

z(t) =aln <Cl2—|— (t4a2) )

At t =0, the position is zq:
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From and |19} the initial velocity gll—f (0) = uy is then
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We can replace « by ug in the expression for x (¢) to get
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If we require 2o = ug = 0 then from above we must have aln (1/c?) =0,
which gives ¢ = %1 (since a appears in denominators, it can’t be zero). This
in turn requires o = 0, so the geodesic curve is given by

2
z(t) =aln (1+ﬁ) (24)
a
If we plot  versus é we get Fig.

We can also work out x (7) and ¢ (7) using the above equations. First,
look at x:
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where [ is a constant of integration. If we require 79 = 0 at ¢ = 0 with
the initial conditions above g = ug = 0) then using the expression for g
above, we find that 5 = 0. Therefore (taking ¢ = 1)

T (26)

(1) = aln (1 + tan? 21) (28)
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From this we have from 7 (again, taking ¢ = 1):
dt
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Integrating we get
.
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where we’ve chosen the constant of integration so that £ (0) = 0. As 7 — 7a,
t — o080

Tmax = TQA (34)



