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Here’s another example of calculating perturbations to the metric similar

to that of the infinite wire. This time we have 2 infinite parallel plates with
energy per unit area of σ. The plates are parallel to the xy plane with one
plate at z =+b and the other at z =−b. The top plate is moving in the +x
direction at a speed V � 1 and the bottom plate is moving with the same
speed in the −x direction.

To calculate the perturbations to the metric, we use the formula

hjm = 2G
∫ 2Tjm−ηjmT

|r− r′|
d3r′ (1)

We can regard the plates as perfect fluids with an internal pressure P0 that
is much less than its energy density σ. In that case, for each plate

2Ttt−ηttT ≈ ρ0 (2)
2Ttj−ηtjT ≈−2ρ0uj (3)

In the 2-d case, we replace ρ0 by σ and integrate each plate over x and y.
Therefore

htt= 2Gσ

∫ ∞

−∞

∫
∞

−∞

dx dy√
x2 +y2 +(z− b)2

+
∫

∞

−∞

∫
∞

−∞

dx dy√
x2 +y2 +(z+ b)2


(4)

As with the infinite wire, these integrals are infinite, but we can calculate
the gravitoelectric and gravitomagnetic densities, which involve derivatives
of these integrals. Because of the symmetry of the setup, the metric pertur-
bations hij cannot depend on x or y so all derivatives with respect to x or y
are zero. The only remaining spatial derivative is therefore
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∂zhtt =−2Gσ

∫ ∞

−∞

∫
∞

−∞

(z− b)dx dy(
x2 +y2 +(z− b)2

)3/2
+
∫

∞

−∞

∫
∞

−∞

(z+ b)dx dy(
x2 +y2 +(z+ b)2

)3/2


(5)

=−2Gσ (−2π+2π) (6)
= 0 (7)

We did the integrals using Maple, under the condition |z|< b.
The gravitoelectric potential is defined by

−∂kΦG =
1
2
∂khtt (8)

so we have

ΦG = constant (9)

To compare this to electrostatics, we can use Gauss’s law to calculate the
electric field due to an infinite plane of charge with surface density σ and
we get

E =± σ
ε0

ẑ (10)

where the plus sign is for the lower plate and the minus sign for the up-
per plate. Since the fields between the plates are equal and opposite, the
net field between the plates is zero, so a test charge would experience no
acceleration, just as in the gravitoelectric case.

For the gravitomagnetic case we need hti. From 3,

2Ttx−ηtxT =

{
−2σV z =+b

2σV z =−b
(11)

2Tti−ηtiT = 0 for i= y,z (12)

so

htx=−4GσV

∫ ∞

−∞

∫
∞

−∞

dx dy√
x2 +y2 +(z− b)2

−
∫

∞

−∞

∫
∞

−∞

dx dy√
x2 +y2 +(z+ b)2


(13)

The only non-zero derivative is
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∂zhtx = 4GσV

∫ ∞

−∞

∫
∞

−∞

(z− b)dx dy(
x2 +y2 +(z− b)2

)3/2
−
∫

∞

−∞

∫
∞

−∞

(z+ b)dx dy(
x2 +y2 +(z+ b)2

)3/2


(14)

= 4GσV (−2π−2π) (15)
=−16πGσV (16)

For the gravitomagnetic acceleration, we have

Fkj = ∂khtj−∂jhtk (17)

=

 0 0 −∂zhtx
0 0 0

∂zhtx 0 0

 (18)

= 16πGσV

 0 0 1
0 0 0
−1 0 0

 (19)

The acceleration is

ηikFkjv
j = 16πGσV [vz,0,−vx] (20)

=−16πGσV (v× ŷ) (21)

For comparison, the magnetic field due to an infinite sheet of current is
(see for example Griffiths, David J. (2007), Introduction to Electrodynam-
ics, 3rd Edition, Example 5.8)

B =±µ0

2
Kŷ (22)

where the plus sign is for points below the sheet and the minus sign for
points above, and K is the surface current density K = σV . For two plates
of charge moving in opposite directions, the fields between the plates add
so B = µ0Kŷ and the force on a charge q is

F = qµ0K (v× ŷ) (23)
Thus the gravitomagnetic acceleration has the same form as the magnetic

acceleration, except for an opposite sign due to the fact that like masses
attract whereas like charges repel.


