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We can now have a look at the equation of motion for a particle moving

in the weak field, slow velocity limit. We begin with the geodesic equation
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where a dot indicates a derivative with respect to proper time τ . Using the
chain rule we can write the first term as
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where

vm ≡ dxm

dt
(8)

Now suppose the particle is moving slowly so that both ui (where i is a
spatial index) and vi are small, so we can ignore second order terms. In this
approximation, ut ≈ 1 so we have from 1 with m= t
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The Christoffel symbols in terms of the metric are
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For a stationary field, all time derivatives are zero, so
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In the weak field limit, we are using a metric that is perturbed from the
flat space metric:

gij = ηij +hij (16)

gij = ηij−hij (17)

So to first order in hij :
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since all time derivatives are zero in the stationary field, and all derivatives
of the flat space metric are zero as well. Therefore in this approximation 7
becomes
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and the geodesic equation 1 becomes
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where to get the last line we used the symmetry of the Christoffel symbols:
Γm

it = Γm
ti.

In the weak field limit, the Christoffel symbols become
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In this approximation
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since time derivatives are zero for a stationary field.
Also
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Putting it all together, the geodesic equation 24 becomes
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Remember that all indices (except t) range over only spatial components.
In the weak field limit, the perturbations to the metric are given by

hjm = 2G
∫ 2Tjm−ηjmT

|r− r′|
d3r′ (31)

The numerator in the integrand is analogous to charge density in electro-
magnetism. The first term in 30 results from the density

ρg ≡ 2Ttt−ηttT (32)
which is called the gravitoelectric energy density, since it gives rise to an
acceleration of the particle that does not depend on the particle’s velocity,
in a similar way to an electric field accelerating a charge independently of
the charge’s velocity.
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The second term in 30 results from the density

Πj ≡ Ttj−
1
2
ηtjT (33)

which is called the gravitomagnetic current density since it contributes to an
acceleration that is proportional to the particle’s velocity, in a similar way
to the Lorentz force arising from magnetism.
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