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We can now have a look at the equation of motion for a particle moving
in the weak field, slow velocity limit. We begin with the geodesic equation
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where a dot indicates a derivative with respect to proper time 7. Using the
chain rule we can write the first term as
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Now suppose the particle is moving slowly so that both u’ (where i is a
spatial index) and v* are small, so we can ignore second order terms. In this

approximation, u’ ~ 1 so we have from withm =t
1
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The Christoffel symbols in terms of the metric are
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For a stationary field, all time derivatives are zero, so
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In the weak field limit, we are using a metric that is perturbed from the
flat space metric:
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So to first order in h;;:
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since all time derivatives are zero in the stationary field, and all derivatives
of the flat space metric are zero as well. Therefore in this approximation [7]
becomes
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and the geodesic equation |l|becomes
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where to get the last line we used the symmetry of the Christoffel symbols:
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In the weak field limit, the Christoffel symbols become
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In this approximation
1
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since time derivatives are zero for a stationary field.
Also
20t = u'™ (Ophis + Ohuy — Othie) (28)
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Putting it all together, the geodesic equation [24] becomes
d*z™ 1 -
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Remember that all indices (except t) range over only spatial components.
In the weak field limit, the perturbations to the metric are given by
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The numerator in the integrand is analogous to charge density in electro-
magnetism. The first term in [30|results from the density

pg = 2Ty — T (32)
which is called the gravitoelectric energy density, since it gives rise to an
acceleration of the particle that does not depend on the particle’s velocity,
in a similar way to an electric field accelerating a charge independently of
the charge’s velocity.
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The second term in 30| results from the density

1
Hj = th — 577th (33)

which is called the gravitomagnetic current density since it contributes to an
acceleration that is proportional to the particle’s velocity, in a similar way
to the Lorentz force arising from magnetism.
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