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The strange behaviour of Schwarzschild coordinates at the event horizon
r = 2G'M might seem to be a result of the fact that we are describing a
curved space-time, but in fact we can define coordinates in flat space-time
that behave in a similar fashion. If we use rectangular coordinates in flat
space-time, the metric is

ds? = —dt* + dz* + dy? + dz? 1)

Suppose we now introduce replacements for ¢ and z, as defined by

t(T,R) = +bv/2R — 1sinh T )

z(T,R) =+bv2R—1coshT (3)
for R > % and by

t(T,R)=+bv1—2RcoshT 4

(T, R) = £bv/T - 2Rsinh T (5)

for R < %

Here, R and T are dimensionless and b is a positive constant with dimen-
sions of length. We take either the plus sign in both definitions or the minus
sign in both.

The constant curves in this new system can be found as follows. First,
we take R to be constant. Then for R > %

x? —* = b* (2R — 1) (cosh® T —sinh*T') = b* (2R — 1) (6)
and for R < %

t* — 2% = b* (1 —2R) (cosh® T —sinh*T') = b* (1 — 2R) (7
This is the equation of a hyperbola in x — ¢t coordinates, with asymptotes
oft=4dx. If R > %, 22 > t? and the hyperbola cuts the z axis at x =

+0v2R — 1 with the curves opening to the left and right. If R < %, the
1
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hyperbola cuts the ¢ axis at v = +bv/2R — 1 with the curves opening to the
top and bottom.
If T is a constant, then for R > %

t
— =tanhT" = constant (8)
x
so the lines of constant 7" are straight lines with slope tanh7". Since |tanh 7’| <
1 these lines all have slopes between —1 and +1. For R < % we get

t
— = coth7" = constant 9
T

and these lines all have slopes greater than 1 (or less than —1). Note that the
line for T' = 4o is the line ¢ = x which coincides with one of the solutions
for constant R when R — % since in the latter case, 22 —t2 =0, so t = +uz.

In the new coordinates, the metric can be found by applying the usual
chain rule. For R > %

b
dt = i\/ﬁ sinhTdR+bv2R — 1coshTdT (10)
dr = j:\/%costhRib\/ZR— 1sinh7'dT (11)

So:

2
AP d? = (cosh® T —sinh® T') dR* — b* (2R — 1) (cosh® T — sinh® T') dT*

2R—1
— b?coshT'sinh TdRdT + b cosh T sinh TdRdT (12)
bZ
= dR?> —v* (2R —1)dT*? 13
A1 ( ) (13)

For R < % the process is very similar:

dt = +———coshsinhTdR +bv/1 —2RsinhTdT 14
V1-2R (14

b
dr =+ ———sinhTdR+bv1—2RcoshTdTl 15
Ry ~ (15)

So:
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—dt* +da* = — Y (cosh® T —sinh? T') dR* + b* (1 — 2R) (cosh® T — sinh® T') dT*
— b? coshT'sinh TdRdT + b* cosh T'sinh Td RdT (16)
2
:—1_bZRdR2+b2(1—2R)dT2 (17)
b2
:2R_1dR2—b2(2R—1)dT2 (18)

Thus the metric is the same in all regions of the space-time. The full
metric is then

bZ
T 2R-1

ds? dR? —b* (2R — 1) dT? + dy? + d=? (19)

For R > %, the 7" component of the metric is negative and thus represents
time, and the R component is positive so represents space. For R < % the
reverse is true, so R becomes the time coordinate.

At this point, it’s useful to have a look at the geodesic equation for this
metric. The geodesic equation is

d dxd 1 0g;j dzt da?
— i— | —7————=0 20
dr (ga] dr ) 2 0z dr dt 20)
The T' component (with the index a = T') gives
d ar
il —\1=0 21
dr (gTT dr ) @D

0g;j/0T = 0 for all metric components, since none of them depends on 7'.
Integrating this, we get

dT —e e
i = 22
dr arrT bz (ZR — 1) ( )

where —e is a constant of integration. From here, we can use the metric
equation 19| with no motion in the y or z directions to say
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bZ
dr? = —ds* = —————dR* +b* (2R — 1) dT*> 2
T s SR R +b"(2R—1) (23)
B2 (dR\* dT\*
1__2R—1<E) +0b (2R_1)(d7) (24)
¥ (dR\? e?
1=— — - 25
2R—1<d7') +b2(2R—1) (2)
dR ez 2R-1
Ly 2
dr b b? (26)
PR _ 1 (¢ 2R—1\"( 24dR o)
dr2 — T2\v B b dr
1
=05 (28)
Thus the second derivative Gfi 4R j5 a negative constant which means that
-2
R(r)=— 2b2+er+Ro (29)

for constants R and Ry. Since we know the first derivative, we must have

dR @ 2R-1
- NE T e G0
I
bz+R1 b—2\/62+72—2b2R17—262R0+b2 (31)
> R 1
2 TR = (PP W RIT -2 R+P)  (32)

From the constant term on both sides, we have

, 1

Ri =7 (¢ = 26" Ro+17%) (33)

To proceed further, we need to specify some initial conditions, so we’ll
come back to this in a minute.

dR dT dR.
From 7~ and 5~ we can get o=:
dR _ dR/dr (34)
dT dT/dr
v (2R—1 2R—1
_ eE-1) r (35)

e b4 b?
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This can be integrated (using Maple) to get

1 |ViZ—2 R+ ez -
T=+-1In fite—e (36)
2 VPP —20’R+e2+e

Note the absolute value in the logarithm: Maple does not show this, but it’s
important in what follows.

Now for the initial conditions. Suppose we start with an object at rest at
R =1 whenT =7 =0. Then we must have E%Z (R=1) =0, which we get

ez 2x1-—1

b—4—b—2:0 (37)
e? = b? (38)
e=+b (39)

We must then have R (7 =0) = 1, from which we get Ry = 1 from
and R; =0 from (with €2 = b?). Therefore

7_2

R(1) = =55 +1 (40)
T=V20/1-R (41)

T:lln —V2_2R_1 (42)
2 |vV2-2R+1

We’ve taken positive square roots in both cases since both time coordinates
increase from zero. Thus the total proper time 7 required for the object to
move from R =1to R = % is 7 = b but the coordinate time 7’ is infinite
(since we get a In0 term when R = %). If we look at this situation in the
original ¢,z coordinates, the object starts at (¢,2) = (0,b) (using the trans-
formation equations at the top of this post). Since it starts at rest and there
are no forces, it remains at rest at x —b. When R — % we have arrived at
a point on the line ¢ = z, so the object’s coordinates are now (¢,z) = (b,b)
and since ¢ = 7 for an object at rest, this is consistent with our earlier cal-
culation.

As we mentioned earlier, if R < % R is a time coordinate since its metric

component is negative. If we look at the top sector where 2 < % we see this
corresponds to the region inside the light cone for an object at (z,¢) = (0,0).
Thus the object is permitted to visit any point within that light cone but it
cannot move outside the cone. Further, the object’s world line must always
have a tangent that is greater than 1 (that is, dt/dx > 1 for every point on
the world line). The hyperbolas defined by [/| are further up the ¢ axis for
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smaller values of R (note that R can become negative here, unlike the radial
coordinate in the Schwarzschild metric), so in this region, we must take the
minus sign in the expression for dR/dr, so that

dR e2 2R-1
—_— == — 43
dr bt b? “43)
Thus when R is a time coordinate, it steadily decreases.
For photons, ds? = 0 and the metric states (assuming dy = dz = 0)
0= G dR*—b* (2R —1)dT? (44)
2R—1
dR
—=+2R—-1 45
T =EeR-1) @)

When R = %, dR/dT = 0 so in these coordinates, a photon appears to be
“at rest’.

The argument given in Moore for massive particles goes like this. If we
take a particle at rest, then dR = dy = dz = 0 so the metric becomes

b2
T 2R—1
At R = % the last term is zero, so ds* = 0, which can be true only for
light-like particles. However, this seems to be a bit of a fudge since in taking

2 ..
dR=0and R = %, the term 2}.{f’—_ldRz becomes zero divided by zero, so
how can we say this is zero?

ds?

dR*—b* (2R —1)dT? +dy* +dz*> = —b* 2R —1)dT? (46)



