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If a light beam travels along the x-axis of some observer O; we can de-
fine the interval between the event of the light being emitted at some point
(ta, ) and arriving at another point (¢;,xp). The interval is defined by

As* = —(At)?+ (Az)? (1)
Ar = xp—1x, 2)
At = t,—t, (3)
or in three dimensions, as
As? = — (A1) + (Az)? + (Ay)? + (Az)? (4)

Note that the symbol As? is usually taken as a fundamental quantity and not
the square of some other quantity As. This is because it is possible for As?
to be negative and we don’t want to introduce imaginary numbers.

Going back to one dimension for the moment, (using relativistic units)
since ¢ = 1, for a light beam we must have Az /At = 1 for any observer, so
we must always have for light, in any reference frame

As? = 0 (for light) (5)
In three dimensions, this is still true, since the distance travelled is
A=/ (A2)? + (Ay)? + (A2)? (©)
and for light, we always have
Ar
— —c=1 7
a7 C (7

The interval as defined above can be applied to any two events and in
fact turns out to be an invariant, in the sense that the interval As? between
two events is the same for all inertial frames. Thus As? in relativity plays
the role of Ar? in Euclidean space. We see that in relativity both space and
time must be included in the calculation of the interval between two events.

However, it is not true to say that time is just another dimension, since it
1


https://physicspages.com
https://physicspagescomments.wordpress.com
http://physicspages.com/pdf/Relativity/Relativistic%20units.pdf

INVARIANCE OF SPACETIME INTERVALS 2

is clearly different from the spatial coordinates, given that it occurs with an
opposite sign. We should also add here that the definition of As” as given
above is not unique, and some books use the negative of the one given here,
so the reader needs to be aware of the convention in any book.

We need to prove that if, for observer Oy, the interval between two events
is

AsT = —(At)? + (Az))* + (Ay))* + (Az)? ®)

then for observer O;:

As3 = —(Aty)? + (Az2)* + (Ayp)* + (Az)? 9)

and

As? = As3 (10)

We can assume that the origins of the two frames coincide, so that ¢| =
r1 =y1 =21 =0and t, =z = yp = 2 = 0 both represent the same event.
Since the two observers both reside in inertial frames that move at a constant
velocity relative to each other, it also seems reasonable to assume that the
relation between the two sets of coordinates is linear, in the sense that

tr = apty + a1z +axy1 +azz; (11)

where the a,s are constants, and similar relations hold for the other three
coordinates. [These transformations between the two inertial frames turn
out to be the Lorentz transformations, but more on this later.]

At this stage, we can introduce some notation which is common in books
and papers on relativity. Spacetime coordinates are referred to using super-
scripts to denote which of the four coordinates we are referring to. Thus
we define (t,2,y,2) = (2°,2',2%,23). Note that these superscripts are not
exponents, and if we do need to raise a coordinate to a power, we enclose
the coordinate in parentheses. Thus (2!)? is coordinate ! squared.

Also, if the superscript is given a Greek letter, as in x®, this means that
it can be any of the four coordinates. However, if we use a Latin letter,
as in ', this means that it is any of the spatial coordinates. Thus a Greek
superscript can be any of the values 0, 1, 2, 3, while a Latin superscript
can be one of 1, 2, 3. Although this may look confusing, when we get into
longer calculations, the notation does actually make things a lot easier.

Now to the proof of the invariance of the interval. Since we are assuming
the relation between coordinate systems is linear, we can write the interval
AS% in terms of the coordinates in O;’s system as
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3 3
A=Y Y Ms(Azs)(Ax)) (12)
a=0.5=0

where the M,z are (possibly) functions of the relative velocity v. This
follows since the most general function we can get when calculating the
square of a linear expression is a quadratic function, and that’s what we’ve
written here. Because (Az{') and (Axg ) appear symmetrically, if a # (3, the
two terms involving (Az{') and (Axg ) together have the coefficient M,z +
Mpg,. Without any loss of generality, we can therefore take M,3 = Mg,
and define the coefficient of the two terms involving (Az{') and (Axg ) as
2M .

This transformation must be valid for all intervals, so for the particular
case of As% = AS% = 0 (remember that if an interval is observed to be zero
in one frame, it is zero in all frames, due to the assumed constancy of the
speed of light in all frames) we can use [6] above to write

Ary = Aty = Az¥ (13)
We can substitute this into 12| to replace At by Ar and we get

3 3.3 ,
0= Moo(Ar1)> +2Ar1 Y. MoiAzt + Y Y M;j(Azh) (A7) (14)
i=1 i=1j=1
This equation must be true for all spatial separations that give the same
value for Ary, so we can replace Az{ by —Ax] to get

3 3 3 .
0= Moo(Ar1)* —2Ar1 Y. MoiAzh + Y Y Mij(—Axt)(—Az])  (15)
i=1 i=1j=1

3 3 3 _
= Moo(Ar1)? —2Ar1 Y. MoiAxt + Y Y M;j(Azh) (Ax?) (16)
i=1 i=1j=1

Note that the last line is the same as [I4] except that the middle term has
the opposite sign. Therefore, if we subtract the two equations, the first and

last terms cancel and we get

3 .
4Ar1 Y MoiAz|; = 0 (17)
=1

3
MyAzrt = 0 (18)
=1

(3



INVARIANCE OF SPACETIME INTERVALS 4

We can again use the arbitrariness of the Axlis and suppose that Ax% =
Ax% =0 Am? = Ar. This gives Moz = 0. Similar cases show that My =
Mgyr = My3 = 0. We can therefore rewrite [14] as

3 3 . .
0= Moo(Ar1)*+ Y Y M;j(Az})(Az)) (19)
i=1j5=1

What can we do with the double sum term? Suppose we consider again
the case where Aa:} = Aa:% =0; Aa:? = Arj. This gives us
0 = Moo(Ar1)? + Maz(Ary)? (20)

from which we conclude

M33 = — Moo (21)

Similarly, we obtain

My = My = M33 = — Moo (22)
Now suppose Az] # 0; Az} # 0; A:)j? = 0. Then

(Ar)* = (Azy)® + (Ax])? (23)
0= M()()(A?”l )2 + My, (ACEDZ + Mzz(Al’%V -+ 2M12(AJJ%)(A:€%)

(24)

= Moo(Ary)? — Moo((Axh)? + (Az)?) + 2M 5 (Azh) (Az?)  (25)

= Moo(Ar1)? — Moo(Ar1)? +2Mp(Az)) (Ax?) (26)

= 2Mpp(Axh)(Az?) 27)

from which we conclude

My =0 (28)

By other combinations of non-zero Axlis, we conclude that all the M;;s
for i # j are zero, so we get finally

M;j = —Moodi; (29)

where ¢;; is the Kronecker delta (0;; = 0 if i # j; 6;; = 1 if ¢ = j). Putting
all this together, and remembering that these results for M,z are valid for
all transformations even though they were derived for the special case of
As =0, we get
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Ass = —Moo(—(At)? + (Az1)? + (Ay))* + (Az))?) (30)
= —MyAs] (31)

That is, the intervals must transform by a simple multiplicative factor which
may depend on the relative velocity.

To complete the proof, we would like to show that — Mgy = 1, so that
As% = As% and the two intervals are equal. We can write — My as some
function ¢ (v) which may depend on the relative velocity v between the
two frames.

Suppose observer O places a metre stick along the y axis (that is, per-
pendicular to the relative motion of the two frames). We’ve argued earlier
that both observers see the length of the stick as 1 m, and that if one ob-
server makes measurements of the two ends of the stick at the same time in
his frame, then the two events that define these measurements are also si-
multaneous to the other observer. In other words, the interval AS% between
the two measurements seen by O is the same as the interval As% seen by
0. This argument doesn’t depend on the direction of v, provided v is per-
pendicular to the metre stick. Thus in this case, since As% = As% is known
to be true, we must have ¢ (v) = 1. Thus we have the general result that,
for any two events, the spacetime interval between them is the same in all
inertial frames:

As3 = As? (32)

You might be bothered a bit by this argument, as it seems to imply that
we can say that intervals are equal only for events that are spatially sepa-
rated by a distance perpendicular to the relative motion. I think the point is
that the relation (31| was derived without any assumption about the relative
positioning of the events, and is therefore true for all pairs of events. We
merely used the specific case of a metre stick oriented perpendicular to v to
determine — M.

In any case, it is possible to verify [32] directly once we have the Lorentz
transformations.
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