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Here are a couple of examples of spherical coordinates with different
metrics than the usual 3-dim spherical coordinate system.

Example 1. We have a 3-dimensional space with the line element

dr?
C1=2M/r
Using the procedure introduced earlier we can calculate a distance and
volume in this metric.
The radial distance between » = 2M and r = 3M is found by setting
df = d¢ = 0 and integrating over r.
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where I used Maple to do the integral.

Note that the distance is finite even though g, = 1/(1 —2M/r) blows
up atr =2M.

We can also calculate the volume of the spherical region between r = 2M
and r = 3M. This time, all three coordinates must be integrated over, and
we have
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Example 2. Consider a flat Euclidean space in four dimensions. The sur-
face of a sphere in this space is given by

X24+Y?24+ 224+ W? = R? (8)
for a constant R, with (XY, Z, V) being the four rectangular coordinates.

We can convert to a 4-dim spherical coordinate system with the transfor-
mation

X = Rsinysinfcos ¢
Y = Rsinyxsinfsin¢
Z = Rsinycos6 ©)
W = Rcosy
To verify that this transformation works, we calculate @ directly, and use
sin® +cos? = 1 three times.

X4 Y*+ 224+ W?*=R? _(sinxsinécosqﬁ)z + (sinx sinfsin ¢)* +

(sin cos§)* + cos? X} (10)
= R? _(sinxsinﬁ)z-l— (sinycosd)? +cos>y| (11)
=R? (sin2 X +cos? X) (12)
= R? (13)

We can also find the metric on the surface of the sphere by calculating
differentials. We have

dX = R]cosysinfcos ¢ dx + sinycosfcos ¢ df — siny sinfsin ¢ dg|
dY = R|[cos xsinfsin¢ dy + siny cosfsin¢ df + siny sinf cos ¢ d¢]
dZ = R][cosycosf dy — sin xsinf db]
dW = —Rsiny dy

(14)

To find the metric, we must calculate

dS? = dX? +dY? +dZ* + dW? (15)
and find the coefficients of the various differentials. As you can see, this
gives rise to quite a mess, so I did it using Maple. If you do it by hand,
you’ll need to use sin® 4 cos? = 1 for various angles and then cancel terms.
The result is
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ds? = R? (dxz +sin? X (d92 +sin 6 d¢2)) (16)
Thus the metric is
Ixx = R?
geo — R2 sin2 X (17)

9o = R?sin® ysin’ 6
with all off-diagonal elements equal to zero. Note that if we take dy =0
and x = 7, we regain the usual 3-dimensional spherical metric.



