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This post is based on Chapter 7 in Hartle’s book.

A four-vector in relativity can be written in terms of a particular set of ba-
sis vectors. Although (as we’re often reminded in many textbooks) a vector
exists independently of any coordinate system, it is often most convenient
to do calculations with vectors in a particular basis.

The two most common types of basis are orthonormal bases and coordi-
nate bases. The distinction between them can be tricky (at least I found it
to be), but hopefully this post will clarify things.

Orthonormal bases. An orthonormal basis is a set of unit vectors that are
mutually orthogonal. This means that given a set {es} of mutually orthog-
onal unit vectors (the hat on the index & is a reminder that we’re using an
orthonormal basis), we can write any vector as a linear combination of these
basis vectors. That is

a=a"e, (D)

Remember that, in relativity, the property of orthonormality means that

s €3 =1sp (2)
where 7, 3 is the flat space metric

The scalar product of two four-vectors is then defined as

a-b=(a%es)- (ve;) )
= adbﬁe@ : CB (5)
= 1,50°0° (6)

Note that this definition is valid even in curved spacetime, since we are
using a special set of orthonormal basis vectors to write our four-vectors a

and b.
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Coordinate bases. In contrast to orthonormal bases, a coordinate basis is a
set of vectors {e, } (no hat on the subscript) that are defined by their scalar
product in terms of the metric. That is

€a () €5 () = gap (z) @)
We’ve written the basis vectors and the metric as functions of spacetime
position z, since in curved spacetime, the metric in general depends on
location.
Since a coordinate basis is a basis, we can write any vector as a linear
combination of the coordinate basis vectors. That is

a=a"e, (8)
Note that, for a given vector a, [I]and [§] are different ways of writing the
same vector. The orthonormal basis {es} and coordinate basis {e B} are

(usually) different vectors (they can even point in different directions), but
they each form a linearly independent set of vectors that span the space in
which any other vector a resides.

The scalar product in the coordinate basis is then

a-b=(a"ey)- (bﬂ%) 9)
=a®be,-e5 (10)
= gapa®t’ (11)

Unless we are in flat space, some or all of the coordinate basis vectors
will probably not be unit vectors, as we can see from their scalar product

Relation between orthonormal and coordinate bases. To see how the
two bases relate to each other, we’ll consider the special case of two-dimensional
space. Then we can write

a:aiei—l—ajeﬁza]el—i—azez (12)

The component @' in the orthonormal basis is obtained by taking the scalar
product

A

a' =a-e; (13)
= (alel —|—a262) - €j (14)
:alel-ei—l—azez-ei (15)

= 0% (eq)! (16)
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where we’ve used the summation convention in the last row. The notation
(€)' means the orthonormal component 1 of the coordinate basis vector
e,. Thus in general we have

? = a® (e,)? 17)

We can interchange the orthonormal and coordinate bases in the above
argument to find that

N a
a® = a” (e;) (18)
Example 1. In polar coordinates in two dimensions, the metric is

ds? = dr* + r*db? (19)

The orthonormal basis is defined by a unit vector e; that points in the
radial direction (away from the origin) and another unit vector e, that is
perpendicular to e;. That is

e? = (1,0) 00,
s =(0,1)

The superscript & indicates that these are the orthonormal components of
the basis vectors.
The coordinate basis is defined to look the same, so that

e, =(1,0)

e = (0.1) Y

The superscript o (without the hat) indicates that these are the coordinate
basis components of the basis vectors.

However, this definition merely specifies that the basis vectors have unit
length relative to the coordinate system. In other words, the basis vectors
define the unit length in the coordinate basis. The components of the coor-
dinate basis vectors as measured in the orthonormal basis can be found by
using [7l We must have, from[I9]

€r-€r =grr = 1

) (22)
€o-€p =ggg =T

Since the metric|19|is diagonal, the coordinate basis vectors are orthogonal,

so the orthonormal components of the coordinate basis vectors are
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(1,0)
(0,7)

The coordinate basis components of the orthonormal basis vectors can be
found from the condition that both basis vectors have unit length.

&
€,

(23)

e

er-er = gas (er)" () = (1) [(er)'] =1
) (24)

_ a B_ (2 01-
ey =ga5 (e5)" ()" = () |(eg)’] =1
Therefore
1
B (25)
r
so the orthonormal basis in coordinate basis components is

e = (1,0)

_ (1’1) (26)
r

General orthonormal bases. For a diagonal metric of the form

e

™0

ds* = goodt® + g11da® + grdy* + g33d2? (27)

the coordinate basis is a set of orthogonal (but not necessarily orthonormal,
since the vectors may not all be unit vectors). In orthonormal components
we must satisfy [7, so we have

el = (vV=900,0,0,0)

e;? = (0,,/911,0,0) 08)
el = (0,0,1/922,0,0)

e? = (0,0,0,./933)

In orthonormal components, the scalar product is defined as in [2, so we
have, for example
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N

er-er=1n4(e) (1)’ (29)
= (100) (—900) (30)
= 9oo (31)

The orthonormal basis in coordinate basis components is then

ef = ((—900)71/270’0’())
e = (0.(91)",0,0) (32)
el = (0,0,(g22)_1/270)

es = (0,0,0,(933)*1/2)

The scalar product is defined by [2] but since the components are given in
the coordinate basis, we need to use @to calculate it. We have, for example

e;-e; = gap(€s)” (e2)" (33)
= g11 (g11) " (g11) V2 (34)
=1 35)

Admittedly, keeping the two different bases distinct can be difficult. What
must be remembered, however, is that a scalar product of two four-vectors
is an invariant, and cannot depend on which coordinate system you’re using.
Thus the orthonormal basis vectors must always satisfy [2|and the coordinate
basis vectors must always satisfy [/} If a vector’s components are given in
the orthonormal basis, then use [ to calculate scalar products; if they are in
the coordinate basis, use[IT}

Example 2. The wormhole metric|is

ds* = —dt* +dr* + (b* +1?) (d6* + sin® 0d¢?) (36)
This is a diagonal metric with
g = —1
Grr = 1
dop = b2 +12 (37)

9o = (bz + Tz) Sil’l2 0

From the coordiante basis (in orthonormal components) is
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&

T

ed = (0,0, b2+r2,0>
eg:(o,o,o, b2+r2sm9)

From [32] the orthonormal basis in coordinate components is

1
ed=(0,0,——,0
0 ( VbH2+r )
1
e =1(0,00———
¢ ( \/bz+rzsin9)

(38)

(39)
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