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The equations of motion for a photon in the Schwarzschild metric are:
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In flat space, M = 0 so these equations reduce to
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Dividing the first by the second, we get
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We can integrate this directly to get

φ(r) =∓arctan
b√

r2− b2
+k (6)

where k is a constant of integration.
We can convert this into a more meaningful form by setting k = α+ π
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Looking at the minus sign option first, we then get
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FIGURE 1. Straight line path in polar coordinates.

We can interpret this geometrically by looking at a plot of a straight line
path in polar coordinates (Fig. 1).

In this diagram, the line is in red, and the segment b (in blue) is the closest
approach to the origin (so b is perpendicular to the line). A general point
on the line is indicated by the green line r. The red side of the triangle has
length

√
r2− b2 so if we label the angles as shown, we have (taking α < 0

since it’s below the x axis) the same equation for the tangent as above. That
is, the relation for the tangent describes a straight line in polar coordinates,
where b is the perpendicular distance from the origin to the line, and α is
the angle from the x axis to the segment b.

Taking the plus sign in the above derivation we get
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This would apply if φ−α < 0. Thus the path of a photon in flat space is
a straight line.
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To get this in a different form, we can use the trig identity 1+ tan2x =
sec2x:
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