
PROJECTION OPERATOR IN SPACETIME

Link to: physicspages home page.
To leave a comment or report an error, please use the auxiliary blog.
Post date: 6 Dec 2022.
Consider a timelike unit four-vector ~U and a tensor P with components

Pµν = ηµν +UµUν (1)
P acts as a projection operator in the sense that applying it to an arbitrary

vector ~V produces a vector ~V⊥ that is orthogonal to ~U .
Since ~U is timelike and a unit vector, its square magnitude is −1:

ηµνU
µUν =−1 (2)

We therefore have

V α
⊥ ≡ Pα

βV
β (3)

=
(
ηαβ +U

αUβ

)
V β (4)

= V α+UαUβV
β (5)

Taking the scalar product with ~U we have

ηαγV
α
⊥U

γ = ηαγV
αUγ +ηαγU

αUβV
βUγ (6)

= V αUα+(ηαγU
αUγ)UβV

β (7)

= V αUα−UβV
β (8)

= 0 (9)

where we used 2 to get the third line. Thus 5 is orthogonal to ~U .
A projection operator should have the property that if it is applied twice,

the second application has no further effect. We can verify this as follows.

Pα
βV

β
⊥ =

(
ηαβ +U

αUβ

)(
V β +UβUγV

γ
)

(10)

= V α+UαUγV
γ +UαUβV

β−UαUγV
γ (11)

= V α+UαUγV
γ (12)

= V α
⊥ (13)
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We can generalize this result from a timelike unit vector ~U to an arbitrary
non-null vector ~q. The projection operator is then

Qµν = ηµν−
qµqν
qαqα

(14)

If we apply this to some vector ~V we have

Qµ
νV

ν =

[
ηµν−

qµqν
qαqα

]
V ν (15)

= V µ− qµ qνV
ν

qαqα
(16)

Applying this back on ~q we have

Qµ
νV

νqµ = qµV
µ− qµqµ

qνV
ν

qαqα
(17)

= qµV
µ− qνV ν (18)

= 0 (19)

This doesn’t work for a null ~q since qαqα = 0 and we’d be dividing by 0 in
14.

Returning to Pµν in 1, we can see that it acts like the metric tensor on any
two vectors orthogonal to ~U . We have

P
(
~V⊥, ~W⊥

)
= (ηµν +UµUν)V

µ
⊥W

ν
⊥ (20)

= ηµνV
µ
⊥W

ν
⊥+UµUνV

µ
⊥W

ν
⊥ (21)

Since ~V⊥ and ~W⊥ are orthogonal to ~U , the last term on the RHS is zero, and
we have

P
(
~V⊥, ~W⊥

)
= ηµνV

µ
⊥W

ν
⊥ = ~V⊥ · ~W⊥ (22)


