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As an example of calculating the Ricci tensor and curvature scalar we’ll

find them for the 2-d surface of a sphere. The Ricci tensor is calculated from
the Riemann tensor, and that in turn depends on the Christoffel symbols, so
we’ll need them first. It’s easiest to find them from the geodesic equation
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The metric for a sphere is

ds2 = r2dθ2 + r2 sin2 θdφ2 (3)
where r is the constant radius of the sphere, so

gθθ = r2 (4)

gφφ = r2 sin2 θ (5)

We have two equations arising from 1. For a= θ

r2θ̈− r2 sinθ cosθφ̇2 = 0 (6)
Comparing with 2 we get, after dividing out the r2:
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For a= φ:

r2 sin2 θφ̈2 +2r2 sinθ cosθθ̇φ̇= 0 (8)
Dividing through by r2 sin2 θ and comparing with 2 we get (remember that
the second term is
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All other Christoffel symbols are zero.
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In 2D, the Riemann tensor has only one independent component, which
we can take to be Rθφθφ, which can be calculated from
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Lowering the first index, we have
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= r2 sin2 θ (16)

We can now find the Ricci tensor.

Rij = gabRaibj (17)

Since the metric is diagonal and gab is the inverse of gab, we have
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so, using the symmetries of the Riemann tensor,

Rθθ = gabRaθbθ (20)

= gφφRφθφθ (21)

=
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Rφφ = gabRaφbφ (24)

= gθθRθφθφ (25)

= sin2 θ (26)
Rθφ =Rφθ = 0 (27)

We can get the upstairs version of the Ricci tensor as well:
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Rθθ = gθigθjRij (28)

= gθθgθθRθθ (29)
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The curvature scalar is
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As we would expect, the curvature of a sphere decreases as its radius gets
larger.
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