RICCI TENSOR AND CURVATURE SCALAR FOR A SPHERE
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As an example of calculating the Ricci tensor and curvature scalar we’ll
find them for the 2-d surface of a sphere. The Ricci tensor is calculated from
the Riemann tensor, and that in turn depends on the Christoffel symbols, so
we’ll need them first. It’s easiest to find them from the geodesic equation
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which is formally equivalent to
P AT =0 )
The metric for a sphere is
ds* = r?dH* + r*sin® 0d¢? (3)

where r is the constant radius of the sphere, so

gog = 1° 4)

g = r2sin*0 (5)

We have two equations arising from[I] For a =6

726 —r?sinfcosfg* =0 (6)
Comparing with [2 we get, after dividing out the r:
1
F0¢¢ = —sinfcosf = —3 sin26 (7)
For a = ¢:
2 sin? 0% 4 2r* sinf cos 0 = 0 (8)

Dividing through by r2sin’# and comparing with [2] we get (remember that

the second term is (Fq; 6T Fqge) ¢ and that FQ; 6= Ff; o):

%, =T, = cotf 9)

All other Christoffel symbols are zero.
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In 2D, the Riemann tensor has only one independent component, which
we can take to be g4, which can be calculated from

Ry = O — Oy + T Ty = T T (10)

Lowering the first index, we have
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= r2sin’ 0 (16)

We can now find the Ricci tensor.

Rij = " Ry (17)

Since the metric is diagonal and ¢ is the inverse of g5, we have
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g% r2sin’6
s0, using the symmetries of the Riemann tensor,
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We can get the upstairs version of the Ricci tensor as well:
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R = ¢ ¢ R;;
= 9" 9" Ry
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The curvature scalar is
R = g;jRY
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As we would expect, the curvature of a sphere decreases as its radius gets

larger.
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