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In the last post, we developed the general form for the metric in a spher-
ically symmetric situation:

ds* = gydt? + grrdr® +12d6* + 2 sin® d¢? (1

The next step is to use the Einstein equation in the form

2

to generate a system of differential equations that can be solved to find
gt 'and grr. This involves calculating the components of the Ricci tensor
RY. Recall that the Ricci tensor is a contraction of the Riemann tensor:

1
Rij =8rG (Tij - _gijT) 2)

R;j = R 3)

1aj

and the Riemann tensor is defined in terms of Christoffel symbols:

Rijoy = = [0y = 00T 4+ Ty T T Ty )

The Christoffel symbols are, in turn, calculated from the metric tensor
and its derivatives:

1
Iy = ngl (939i1 + Oigi — rg;ji) ©)

Each component of R;; is therefore ultimately a differential equation in-
volving components of the metric tensor g;;, so if we know the stress-energy
tensor 755, 2| gives us a set of PDESs that can, in principle at least, be solved
to find the metric tensor. Since R;; is symmetric, it has 10 independent com-
ponents, each of which is a sum of terms involving the components of g;;.
For a general (non-diagonal) metric, this can get very messy and, even for a
diagonal metric such as we have for the spherically symmetric case, things
are bad enough. In the appendix to Moore’s book, he gives a worksheet for
calculating the Christoffel symbols and the independent components of 12;;

for a general diagonal metric. In the worksheet, all the work of expanding
1
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R;; in terms of g;; has been done, so we just need to fill in the results for
our specific metric, such as that given in m
The worksheets are given for the generic diagonal metric, written as

ds* = —A(da®)’ + B (dz')* +C (d2?)* + D (da?)’ ©6)

where 2 is the time coordinate and the other three are space coordinates.
Note the minus sign in the first term: this makes explicit the fact that the
metric component for time should be negative. Thus we have goo = —A,
g11 =B, g»=Cand g33=D.

Derivatives with respect to coordinates are written as subscripts, so that

2
Aol = 650 5; r and so on. It’s important not to confuse this notation with
tensor notation; Ag; is not the 01 component of a tensor.

The 10 independent components of R;; are:

Roo=0 | +5541 +55 42 +515433
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1
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To apply these tables to the specific metric|l, we observe that 2> = ¢ does
not appear in any component of g;; so all terms with a subscript 3 are zero.
Also, 22 = 6 appears only in 9¢s = D, so any subscript 2 on A, B or C' also
gives zero. Finally, 2 = ¢ doesn’t appear in C or D, so a subscript O there
also gives zero. After using these simplifications, we have:

Ry =0 +55 A1 +a0A22 =0 +ap A3 =0
+0 —55B0o —5:Co0 =0 —55Dgo =0
+0 +5 B3 +582C3 =0 +:5D3=0
+0 + 1154080 + 115 A40Co =0 +ipA0 Do =0

L AL | A = Php Al (2r) |+ = A0 l)

— 2743 =0 +:454:,8, =0 — 17 A2Cr =0 554D =0
a3 =0| +;5543B83=0 +ipcA3C3 =0 — 2 A3D3 =0
Collecting terms, we get

Ry = ~= A1y — == Boo+ —5 B} + —— Ay By @)

2B 2B 4B2 4AB
41;AA% B 4;3214131 + 2%3’41 * 2%3141
_ % RA_RB (a;gf | (04) (atizl — (9,4 (&Az) éaTB) N 23;,4

®)




RICCI TENSOR FOR A SPHERICALLY SYMMETRIC METRIC - THE WORKSHEET 5

R, = ﬁBOO 40 Z]C By, =0 21D B33 =0
— 51 A1 +0 —56C1 =—=% —55 D11 =—%
1 2 1 2 1 1 2 1
e +0 20201 =2 D1 =2
1 1 2 1 1
—mBoAO —mBO +4ACBOOO_O —|—4ADB()D()—O
1 1 1 _
+apa 814 +0 3508101 = 55 | tappBiD1= 5
— 1B A =0 | +345B3=0| +:5B:Cr=0 25 B2D2 =0
—apaB3As =0 | +5p5B3=0| —;3$=B:sC3=0 | +;5,BsD3=0
1 1 1 1 1 1 B
Ryp = —By— — A1+ —=A7 — ——ByAg— B? BiA +—
=g P00 T g At e AT g Pefo T g bt g At g
)
1 (8,4)* — (0,A) (,B)  (0,A)(8,B)—(0,B)* 249,B
= — |2B-9*.A
24 | VP Ot 24 + 2B B
(10)
Rgg = 77Co0 =0 5501 = —% +0 —35C33=0
_ 1 _ 1 _ 2co0s26 __ sin*6—cos2@
“diAn=0 | —gpBn=0 | 40 |-5Dn=-38%-wie
1 42 _ 1 p2 1 12 _ sin®20 __ cos?6
+2A:=0 w22 =0 +0 Tz Z_AT;W_%
1 1 1 2 1 _
mC()A() 0 +4ABCOBO 0 _WCO =0 +mOQD() =0
A 1 B 1 1 1 1
maC1A1 = —7g | +3mC1B1 =55 | +15cCi = 5 —mppC1D1=—5
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Ryy = Doo =0 %DH = % —%Dzz =1—2cos?d +0
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Looking at the worksheet tables above, we can see that applying the rules
stated earlier makes all entries in Rgy, Ro3, 113 and Ry3 zero, so these

components of the Ricci tensor are all zero.
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