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In the last post, we developed the general form for the metric in a spher-

ically symmetric situation:

ds2 = gttdt
2 +grrdr

2 + r2dθ2 + r2 sin2 θdφ2 (1)

The next step is to use the Einstein equation in the form

Rij = 8πG
(
Tij−

1
2
gijT

)
(2)

to generate a system of differential equations that can be solved to find
gtt and grr. This involves calculating the components of the Ricci tensor
Rij . Recall that the Ricci tensor is a contraction of the Riemann tensor:

Rij =Raiaj (3)

and the Riemann tensor is defined in terms of Christoffel symbols:

Rij`m ≡−
[
∂mΓ

i
`j−∂`Γimj+Γ

k
`jΓ

i
km−Γ

k
mjΓ

i
`k

]
(4)

The Christoffel symbols are, in turn, calculated from the metric tensor
and its derivatives:

Γ
m
ij =

1
2
gml
(
∂jgil+∂iglj−∂lgji

)
(5)

Each component of Rij is therefore ultimately a differential equation in-
volving components of the metric tensor gij , so if we know the stress-energy
tensor Tij , 2 gives us a set of PDEs that can, in principle at least, be solved
to find the metric tensor. SinceRij is symmetric, it has 10 independent com-
ponents, each of which is a sum of terms involving the components of gij .
For a general (non-diagonal) metric, this can get very messy and, even for a
diagonal metric such as we have for the spherically symmetric case, things
are bad enough. In the appendix to Moore’s book, he gives a worksheet for
calculating the Christoffel symbols and the independent components of Rij
for a general diagonal metric. In the worksheet, all the work of expanding
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Rij in terms of gij has been done, so we just need to fill in the results for
our specific metric, such as that given in 1.

The worksheets are given for the generic diagonal metric, written as

ds2 =−A
(
dx0)2

+B
(
dx1)2

+C
(
dx2)2

+D
(
dx3)2

(6)

where x0 is the time coordinate and the other three are space coordinates.
Note the minus sign in the first term: this makes explicit the fact that the
metric component for time should be negative. Thus we have g00 = −A,
g11 =B, g22 = C and g33 =D.

Derivatives with respect to coordinates are written as subscripts, so that
A01 = ∂2A

∂x0∂x1 and so on. It’s important not to confuse this notation with
tensor notation; A01 is not the 01 component of a tensor.

The 10 independent components of Rij are:

R00 = 0 + 1
2BA11 + 1

2CA22 + 1
2DA33

+0 − 1
2BB00 − 1

2CC00 − 1
2DD00

+0 + 1
4B2B

2
0 + 1

4C2C
2
0 + 1

4D2D
2
0

+0 + 1
4ABA0B0 + 1

4ACA0C0 + 1
4ADA0D0

− 1
4BAA

2
1 − 1

4B2A1B1 + 1
4BCA1C1 + 1

4BDA1D1

− 1
4CAA

2
2 + 1

4CBA2B2 − 1
4C2A2C2 + 1

4CDA2D2

− 1
4DAA

2
3 + 1

4DBA3B3 + 1
4DCA3C3 − 1

4D2A3D3

R11 =
1

2AB00 +0 − 1
2CB22 − 1

2DB33

− 1
2AA11 +0 − 1

2CC11 − 1
2DD11

+ 1
4A2A

2
1 +0 + 1

4C2C
2
1 + 1

4D2D
2
1

− 1
4A2B0A0 − 1

4ABB
2
0 + 1

4ACB0C0 + 1
4ADB0D0

+ 1
4BAB1A1 +0 + 1

4BCB1C1 + 1
4BDB1D1

− 1
4CAB2A2 + 1

4CBB
2
2 + 1

4C2B2C2 − 1
4CDB2D2

− 1
4DAB3A3 + 1

4DBB
2
3 − 1

4DCB3C3 + 1
4D2B3D3
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R22 =
1

2AC00 − 1
2BC11 +0 − 1

2DC33

− 1
2AA22 − 1

2BB22 +0 − 1
2DD22

+ 1
4A2A

2
2 + 1

4B2B
2
2 +0 + 1

4D2D
2
2

− 1
4A2C0A0 + 1

4ABC0B0 − 1
4ACC

2
0 + 1

4ADC0D0

− 1
4BAC1A1 + 1

4B2C1B1 + 1
4BCC

2
1 − 1

4BDC1D1

+ 1
4CAC2A2 + 1

4CBC2B2 +0 + 1
4CDC2D2

− 1
4DAC3A3 − 1

4DBC3B3 + 1
4DCC

2
3 + 1

4D2C3D3

R33 =
1

2AD00 − 1
2BD11 − 1

2CD22 +0

− 1
2AA33 − 1

2BB33 − 1
2CC33 +0

+ 1
4A2A

2
3 + 1

4B2B
2
3 + 1

4C2C
2
3 +0

− 1
4A2D0A0 + 1

4ABD0B0 + 1
4ACD0C0 − 1

4ADD
2
0

− 1
4BAD1A1 + 1

4B2D1B1 − 1
4BCD1C1 + 1

4BDD
2
1

− 1
4CAD2A2 − 1

4CBD2B2 + 1
4C2D2C2 + 1

4CDD
2
2

+ 1
4DAD3A3 + 1

4DBD3B3 + 1
4DCD3C3 +0

R01 =− 1
2CC01 - 1

2DD01 + 1
4C2C0C1 + 1

4D2D0D1

+ 1
4ACA1C0 + 1

4ADA1D0 + 1
4BCB0C1 + 1

4BDB0D1

R02 =− 1
2BB02 - 1

2DD02 + 1
4B2B0B2 + 1

4D2D0D2

+ 1
4ABA2B0 + 1

4ADA2D0 + 1
4BCB2C0 + 1

4CDC0D2

R03 =− 1
2BB03 - 1

2CC03 + 1
4B2B0B3 + 1

4C2C0C3

+ 1
4ABA3B0 + 1

4ACA3C0 + 1
4BDB3D0 + 1

4CDC3D0

R12 =− 1
2AA12 - 1

2DD12 + 1
4A2A1A2 + 1

4D2D1D2

+ 1
4ABA1B2 + 1

4BDB2D1 + 1
4ACA2C1 + 1

4CDC1D2



RICCI TENSOR FOR A SPHERICALLY SYMMETRIC METRIC - THE WORKSHEET 4

R13 =− 1
2AA13 - 1

2CC13 + 1
4A2A1A3 + 1

4D2D1D2

+ 1
4ABA1B3 + 1

4BCB3C1 + 1
4DAD1A3 + 1

4CDC3D1

R23 =− 1
2AA23 - 1

2BB23 + 1
4A2A2A3 + 1

4B2B2B3

+ 1
4ACA2C3 + 1

4BCB2C3 + 1
4DAD2A3 + 1

4BDB3D2

To apply these tables to the specific metric 1, we observe that x3 = φ does
not appear in any component of gij so all terms with a subscript 3 are zero.
Also, x2 = θ appears only in gφφ =D, so any subscript 2 on A, B or C also
gives zero. Finally, x0 = t doesn’t appear in C or D, so a subscript 0 there
also gives zero. After using these simplifications, we have:

Rtt = 0 + 1
2BA11 + 1

2CA22 = 0 + 1
2DA33 = 0

+0 − 1
2BB00 − 1

2CC00 = 0 − 1
2DD00 = 0

+0 + 1
4B2B

2
0 + 1

4C2C
2
0 = 0 + 1

4D2D
2
0 = 0

+0 + 1
4ABA0B0 + 1

4ACA0C0 = 0 + 1
4ADA0D0 = 0

− 1
4BAA

2
1 − 1

4B2A1B1 + 1
4BCA1C1 =

1
4r2B

A1 (2r) +A1D1
4BD =

A1(2r sin2 θ)
4Br2 sin2 θ

− 1
4CAA

2
2 = 0 + 1

4CBA2B2 = 0 − 1
4C2A2C2 = 0 + 1

4CDA2D2 = 0

− 1
4DAA

2
3 = 0 + 1

4DBA3B3 = 0 + 1
4DCA3C3 = 0 − 1

4D2A3D3 = 0

Collecting terms, we get

Rtt =
1

2B
A11 −

1
2B

B00 +
1

4B2B
2
0 +

1
4AB

A0B0 (7)

− 1
4BA

A2
1 −

1
4B2A1B1 +

1
2rB

A1 +
1

2rB
A1

=
1

2B

[
∂2
rrA−∂2

ttB+
(∂tB)2

2B
+

(∂tA)(∂tB)− (∂rA)
2

2A
− (∂rA)(∂rB)

2B
+

2∂rA
r

]
(8)
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Rrr =
1

2AB00 +0 − 1
2CB22 = 0 − 1

2DB33 = 0

− 1
2AA11 +0 − 1

2CC11 =− 1
r2 − 1

2DD11 =− 1
r2

+ 1
4A2A

2
1 +0 + 1

4C2C
2
1 = 1

r2 + 1
4D2D

2
1 =

1
r2

− 1
4A2B0A0 − 1

4ABB
2
0 + 1

4ACB0C0 = 0 + 1
4ADB0D0 = 0

+ 1
4BAB1A1 +0 + 1

4BCB1C1 =
B1

2rB + 1
4BDB1D1 =

B1
2rB

− 1
4CAB2A2 = 0 + 1

4CBB
2
2 = 0 + 1

4C2B2C2 = 0 − 1
4CDB2D2 = 0

− 1
4DAB3A3 = 0 + 1

4DBB
2
3 = 0 − 1

4DCB3C3 = 0 + 1
4D2B3D3 = 0

Rrr =
1

2A
B00 −

1
2A

A11 +
1

4A2A
2
1 −

1
4A2B0A0 −

1
4AB

B2
0 +

1
4BA

B1A1 +
B1

rB

(9)

=
1

2A

[
∂2
ttB−∂2

rrA+
(∂rA)

2 − (∂tA)(∂tB)

2A
+

(∂rA)(∂rB)− (∂tB)2

2B
+

2A∂rB
rB

]
(10)

Rθθ =
1

2AC00 = 0 − 1
2BC11 =− 1

B +0 − 1
2DC33 = 0

− 1
2AA22 = 0 − 1

2BB22 = 0 +0 − 1
2DD22 =−2cos2θ

2sin2 θ
= sin2 θ−cos2 θ

sin2 θ

+ 1
4A2A

2
2 = 0 + 1

4B2B
2
2 = 0 +0 + 1

4D2D
2
2 =

sin2 2θ
4sin4 θ

= cos2 θ
sin2 θ

− 1
4A2C0A0 = 0 + 1

4ABC0B0 = 0 − 1
4ACC

2
0 = 0 + 1

4ADC0D0 = 0

− 1
4BAC1A1 =− A1r

2AB + 1
4B2C1B1 =

rB1
2B2 + 1

4BCC
2
1 = 1

B − 1
4BDC1D1 =− 1

B

+ 1
4CAC2A2 = 0 + 1

4CBC2B2 = 0 +0 + 1
4CDC2D2 = 0

− 1
4DAC3A3 = 0 − 1

4DBC3B3 = 0 + 1
4DCC

2
3 = 0 + 1

4D2C3D3 = 0

Rθθ =− 1
B

+
sin2 θ− cos2 θ

sin2 θ
+

cos2 θ

sin2 θ
− A1r

2AB
+
rB1

2B2 +
1
B

− 1
B

(11)

=− A1r

2AB
+
rB1

2B2 +1− 1
B

(12)

=−r∂rA
2AB

+
r∂rB

2B2 +1− 1
B

(13)
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Rφφ =
1

2AD00 = 0 − 1
2BD11 =− sin2 θ

B − 1
2CD22 = 1−2cos2 θ +0

− 1
2AA33 = 0 − 1

2BB33 = 0 − 1
2CC33 = 0 +0

+ 1
4A2A

2
3 = 0 + 1

4B2B
2
3 = 0 + 1

4C2C
2
3 = 0 +0

− 1
4A2D0A0 = 0 + 1

4ABD0B0 = 0 + 1
4ACD0C0 = 0 − 1

4ADD
2
0 = 0

− 1
4BAD1A1 =−r sin2 θ

2BA A1 + 1
4B2D1B1 =

r sin2 θ
2B2 B1 − 1

4BCD1C1 =− sin2 θ
B + 1

4BDD
2
1 =

sin2 θ
B

− 1
4CAD2A2 = 0 − 1

4CBD2B2 = 0 + 1
4C2D2C2 = 0 + 1

4CDD
2
2 = cos2 θ

+ 1
4DAD3A3 = 0 + 1

4DBD3B3 = 0 + 1
4DCD3C3 = 0 +0

Rφφ =−sin2 θ

B
+1−2cos2 θ− r sin2 θ

2BA
A1 +

r sin2 θ

2B2 B1 −
sin2 θ

B
+

sin2 θ

B
+ cos2 θ

(14)

= sin2 θ

[
−r∂rA

2AB
+
r∂rB

2B2 +1− 1
B

]
(15)

=Rθθ sin2 θ (16)

Rtr =− 1
2CC01 = 0 - 1

2DD01 = 0 + 1
4C2C0C1 = 0 + 1

4D2D0D1 = 0

+ 1
4ACA1C0 = 0 + 1

4ADA1D0 = 0 + 1
4BCB0C1 =

B0
2rB + 1

4BDB0D1 =
B0

2rB

Rtr =
∂tB

rB
(17)

Rrθ =− 1
2AA12 = 0 - 1

2DD12 =−2cosθ
r sinθ + 1

4A2A1A2 = 0 + 1
4D2D1D2 =

cosθ
r sinθ

+ 1
4ABA1B2 = 0 + 1

4BDB2D1 = 0 + 1
4ACA2C1 = 0 + 1

4CDC1D2 =
cosθ
r sinθ

Rrθ =−2cosθ
r sinθ

+
cosθ
r sinθ

+
cosθ
r sinθ

= 0 (18)

Looking at the worksheet tables above, we can see that applying the rules
stated earlier makes all entries in R02, R03, R13 and R23 zero, so these
components of the Ricci tensor are all zero.
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