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The Einstein equation is

GY 4+ Ag¥ =8nGTY (1)
where A is the cosmological constant and 7% is the stress-energy tensor.

The Einstein tensor G is defined in terms of the Ricci tensor and curvature
scalar as

. 1
GY = RY — 3 J"R )
The Einstein equation can be written in the alternative form
RY =8nG (T” — Eg”T) + Ag¥ 3)
where
T =g, TV “)

In preparation for examining the behaviour of this equation in the weak
field limit, we need to see how the Ricci tensor behaves for metrics that are
nearly flat. Since the Ricci tensor is a contraction of the Riemann tensor,
we need first to see how the Riemann tensor behaves in this limit.

The metric for a weak field can be written as

9ij = Nij + hij &)
where 7);; is the flat space metric and h;; is a small perturbation, where
small means \hij| < 1. Note that since g;; and 7;; are both symmetric, we
must have

hij = hj; (6)
As an approximation, we’ll discard all terms of order |hij|2 or higher.

First, we’ll get an approximation for the inverse metric ¢*/. Since ;5 18
diagonal with elements [—1, 1,1, 1] it is its own inverse so

n'? = @)
1
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Therefore it’s reasonable to assume that

g7 =n7+bV 8)
where ‘b’j | < 1. We can find b/ from the condition that

9" gjr = 0} )

Therefore
9 gjr =0+ 0"7 by 4+ 090 + b7 iy (10)
~ 0F + 0" hyr 4 0"k (11)

to first order (since we’re assuming both b/ and hjy, are very small). There-
fore

0 nik = —n" hj (12)
0o i, = —n"n" by, (13)
b985 = =" i (14)
pil — _nklnijhjk (15)
= —pt (16)
where
W =0 by, (17)

Thus the perturbation A%/ in the inverse metric is of the same order as
the perturbation £, in the original metric which means that, to first order,
we can raise an index of a tensor whose components are all of order A by
simply multiplying by the flat space metric %/ rather than the full metric
g". That is, for some tensor Ay; where |A;;| < 1 we have, to first order

&, = g A = (" = W) A = Ay = 0 (0P ) =" A (18)

From @ with A = 0 and indices lowered, the Einstein equation is

1
Rij =8rG (TZ] — EgijT) (19)

so we need to see what R;; looks like in the weak field limit. We’ll start
with the Christoffel symbols

1
I = 59™ (991 + 0igij — D19;i) 0)
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In the weak field limit

9jgi = 0; (niy + hir) = 0;hi (21)

since d;n;; = 0. Therefore,

1
I = ngl (9jhat + Oihuj — Oihji) (22)

This result is exact so far. Now if we want only first order terms, we
can replace ¢™ = n™ — K™ by just n”™ since the h™ multiplied into the
derivatives gives only second order terms. Therefore, to first order

m 1 m
I = S0™ (95hit+ Oihu; — Orhji) 29

Now the Riemann tensor is defined as

Z‘jlm = - [8ml“il]- - alrimj +Fl§j em — Fk;nj iuf] (24)
Since the Christoffel symbols are all of order /;; the last two terms in the

Riemann tensor are of order |h;; ]2 so we can drop them. With the first index
lowered, we get

Ripjim = —gni [OmTj — O] (25)
1 - .
= =5 [ﬁmam (0jhuk, + Orhigj — Ochjr) — 1™ 0y (05t + O — 8khjm)}
(26)
1
- _5 [am (ajhln + alhnj - anhjl) - al (8jhmn + 8mhnj - anhjm>]
(27)
= 2 (0300 + 00huhss — 0 — D] 28)

where we used [6]to get the last line.
Now to get the Ricci tensor in the weak field limit. We have, to first order
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ij = gannjlm (29)
1
= Ennl [8jc‘)lhnm + 8n8mhjl - 8nalhjm — ajamhnl} (30)
1 nl 1 nl 1
=5 |7 001 hpym — Eajamhnl +0" | OnOmhji — Eajamhnl -
1
Ennlanalhjm (31)
1] nl 1 nl 1 nl |
=5 0j | Orthnm — Eamhnl + 1" 0 | Onhji — Eajhnl — 0" O0nOthjm
I a2 l
1 [ n 1 nl 1 nl |
=57 95 | Orhnm — Eamhnl + 0" 0 | Onhyj — Eajhnl — 1" OnOhjm
i 33 l
1 [ nl 1 nl 1 nl |
=5 | 0; | Onhim — Eamhnl +0"Om | Onhyj — Eajhnl — 10" 0n0hjim
I - |
1
- (0 Hon + O H = 0™ 110 (35)
where
_ . nl 1
Hpy=n Onhim — Eamhnl (36)

The index magic we performed above includes using " = 7' and h,,; =
hi, in[33|and then swapping the bound indices [ and n and then using h;,, =
h,,; again in the first term in The Ricci tensor in the weak field limit is
thus

ij = <6j H,, + 8mHj — n”lﬁnﬁlhjm> (37)
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