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We’ve seen the stress-energy tensor 7'/ for the special case of *dust’, that
is a system in which we have a collection of particles that are all at rest
relative to each other. In that special case,

TV = pouin? (1)
where p is the energy density of the dust in its rest frame, and v’ is the
four-velocity of a local inertial frame (LIF) moving relative to the dust.

Real fluids, of course, contain particles that are in some sort of random
motion, even if the fluid as a whole is at rest. We can derive the stress-
energy tensor for such fluids if we assume that they are perfect or ideal
fluids, which means that the particles within the fluid don’t interact with
each other. This is still a simplification since in all real fluids, even gases,
the particles do interact. In liquids, this interaction gives the fluids viscosity.

The idea is that we can build up a description of a perfect fluid by con-
sidering subsets of the particles where within each subset, the particles act
like dust, that is, they all move at the same velocity. We can work out the
contribution to 7% from each of these subsets and then add them up to get
the overall tensor.

To get started, consider the subset of particles that have four-velocity
u' as measured in the overall rest frame of the fluid (that is, the frame in
which the average of the velocities of all the particles is zero). Then the
contribution to 7 from that subset is

ATY = pouiuj 2)
where pg is now the density of particles within that subset only, and mea-

sured in that subset’s rest frame. In terms of the number density ng (again
measured in the subset’s frame) this is

AT = nomuiuj 3)

Due to length contraction, the number density as measured in the fluid’s

rest frame is
1
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where u! is the time component of the four-velocity. Therefore we can write

AT — i = el Pyt (5)
ut mut pt

where p’ is the four-momentum of a single particle as measured in the fluid’s
frame.

Now suppose we look at a cubic volume at rest in the fluid’s frame with
side length L (as measured in the fluid’s frame; because of length contrac-
tion, the volume won’t be a cube in any of the individual particle’s frames).
Then if N is the total number of particles in the subset, we have n = N/ L3
SO

N p'p!
VRN (©)
The total stress-energy tensor is then the integral of this quantity over all
of momentum space, since we need to add up contributions of all the sub-
sets with each possible momentum. Since there will be different numbers of
particles in each subset, the quantity N becomes a function of momentum:
N = N (p). If we assume that the motions of the particles are truly ran-
dom, then it is equally likely that a particle with magnitude of momentum
p is moving in any direction, so we’d expect N (p) to be a function of the
magnitude of p only, rather than on its direction as well. That is, we have

ATY =

N =N (p) (7)
= (7)2+ ()2 + ()2 ®)

and the total stress-energy tensor is

=g [ [vw!

Looking at the terms in the integrand, we see that NV (p) is an even func-
t__ m?2 — m

m\/ 1-52 \/ m2—p?
is an even function of each of p*, p¥ and p®. If we consider an off-diagonal
element of 7% such as 7Y%, we have

1 N
V¥ = —3/dp"”/pydpy/pz—(tp>dpz (10
L p

dp? dp” 9

tion of each of p*, p¥ and p?. Since p! = mu , it too
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The first integral over p* gives zero, since we are integrating the product
of an even function N (p) /p' and an odd function p* over the range —oo
to co. (We are also assuming, of course, that NV (p) — 0 as p — oo which
is reasonable, since we’d expect the number of particles with very large
momenta to go to zero.)

The same argument applies to any off-diagonal element since any such
element will integrate an odd function p’ multiplied by the even function
N (p) /p'. This argument applies also to off-diagonal elements where one
of the indices is ¢, since the other index will be a spatial index and provide
the odd function that multiplies N (p) /p'.

If we look at the diagonal elements, however, we get the product of two
even functions, as with 7%%:

1= & far [ap [ o2 Pay an
and this will not, in general, be zero (unless no particles have a z component
of momentum). Therefore, for the special case of a perfect fluid at rest, the
stress-energy tensor is diagonal.

To interpret these elements we can use a clever little argument as follows.
Look at a single particle that bounces elastically (that is, it doesn’t lose any
energy in a collision) off the walls of the cube. As seen in the fluid’s frame,
the time taken between bounces off, say, one of the faces perpendicular to
the x axis is the total distance in the x direction it travels (which is twice
the width of the cube, or 2L) divided by its x speed:

Aty = — (12)

Since the collision is elastic, the particle rebounds from the wall with the
same magnitude of v, but the opposite direction, so its x momentum has
been exactly reversed. This means that the wall imparted a change in z
momentum of

Ap* =2mu* (13)

The pressure is the average force per unit area, so for this single particle,
the average force is the change in momentum per unit time, or
Ap* mu
AF? = = = 14
At, L L 14
The pressure is the force per unit area, so

AFT _pto" _ptymet (")

AP = =
L2 LS ym ptL3

(15)
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(Note that v* is the z component of the particle’s velocity as measured in
the fluid’s frame, so the x component of its four-velocity is yv* = u”.)

The total pressure is therefore the integral of this over all particles, which
is

p= / / / N (p tL3dpxdpydp — o (16)

by comparison with 9]
There’s nothing special about choosing the x direction in this calculation,
so we would end up with the same result having chosen y or z. Thus
T =TY% =T**=P (17)

For the remaining component 7% we have

oo fro s
:E/ / / N (p) pdp™dp¥dp? (19)

Since p’ is the energy of a particle with four-momentum p’, this integral
represents the total energy density p of the fluid. We therefore get, for a
perfect fluid in its rest frame:

T = (20)

SO

0 0
P 0
0 P

o O O

0 0 0 P

Now suppose we want to generalize this to the case where the fluid
is viewed from some more general coordinate system, possibly in curved
spacetime. The result is simply stated in every source I could find. The
result is

T = (po+ Po) u'n? + Pyg¥ (21)

where pg is the energy density of the fluid and F, is the pressure, both
measured in the fluid’s rest frame. We can verify that this reduces to the
form [20| when viewed in the fluid’s rest frame, since in that frame, ¢ =
n =[~1,1,1,1] and the four-velocity is u’ = [1,0,0,0], so all off-diagonal
elements are automatically zero, and
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T (rest frame) = (po + Po) u'u' — Py = po+ Py — Py = po (22)
T (rest frame) =T =T%* = (po+ Po) X0+ Py x 1 = Fy (23)

po 0 0 O
» 0O F 0 O
i __
™= 0O 0 B O (24)
0O 0 0 F

The justification of [21] appears to be that it is a proper tensor equation
(since u’ is a four-vector and g% is a tensor, and pg and Py are both scalars),
so it is valid in all coordinate systems. The fact that it reduces to the earlier
form in the fluid’s rest frame shows that it has the right form in that coordi-
nate system. What isn’t clear to me is that this is the only tensor that reduces
to the correct form. Anyone who knows of a proper derivation, please leave
a comment.

COMMENTS

11 Oct 2023, 02.23.

Hi, this is John B. Wilson of SciRealm.org

In your derivation of the Perfect Fluid Stress-Energy Tensor, you start
with the Dust form with (1) independent parameter: energy density and
build up to the Perfect Fluid form with (2) independent parameters: energy
density & pressure.

Perhaps a better way would be to consider the top-down approach.

A general symmetric 4D 2-index tensor has 10 independent parameters.

These (10) parameters make up the components of a Relativistic Fluid,
which can have heat (3) and anisotropic stress (5) properties in addition to
the energy density (1) and isotropic pressure (1).

Then, taking special cases, setting heat and stress properties to zero, one
can go down to the perfect fluid case.

Then, taking a further special case, setting the pressure to zero, one can
go down to the dust case.

Alternately, one could set the pressure to other certain values to get the
PhotonGas=Radiation Fluid or LambdaVacuum cases.

See: http://scirealm.org/SRQM.pdf pg. 44 at time of post
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