STRESS-ENERGY TENSOR IN THE WEAK FIELD LIMIT

Link to: physicspages home page.

To leave a comment or report an error, please use the auxiliary blog.
Post date: 26 Jan 2023.

In the weak field limit, the Ricci tensor becomes

1
Rpm=3 (ame + O Hj — n“lanalhjm) (1)

where

1
Hp=n™ (&mzm - iamhnl> 2)

and the h;; is the perturbation on the flat metric, so that

9ij = Mij + hij 3)
Because we can introduce a coordinate transformation for the four coor-
dinates in the form

()" = 1" (27) @)
there are four degrees of freedom that we can play with in specifying the
form of H;. It turns out (we may get around to a proof in some future post)
that it is always possible to find a coordinate system in which all H; = 0. If
we use such a coordinate system then the Ricci tensor is

1
Rjm = _En"lﬁnﬁzhjm ®)
so the Einstein equation becomes
I 1
- 577 analhjm =8nG ij - EnjmT (6)
Introducing the d’ Alembertian operator
d2
I:]2 = T]nlanal = —@ + V2 (7)

we can write the Einstein equation as

1 1
— Emzhjm =81G (ij — EnjmT) (8)
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As it stands, this equation is a set of uncoupled differential equations for
the hj,, so in principle they can be solved. However, we can invoke another
approximation by assuming that the system is in a steady state so that all
time derivatives are zero. This doesn’t necessarily mean that the masses
are all stationary, since we might have a star rotating at a constant angular
velocity. In such cases, the stress-energy tensor 7, is constant in time SO
we would expect hj,, to be independent of time as well. In that case, we
get

1
V2 = 167G (ij _ EWmT) ©)

This equation should look familiar from electrodynamics, where it is
formally equivalent to Poisson’s equation for the electrostatic potential in
terms of the charge distribution. In that case we had

VV=-V.E=-" (10)
€0

where p here is the charge density. The solution of this equation is

') v (11)

47T€0 Ir— r’|

By replacing p/eo with 167rG( im — 3njmT) we can find hjy, as

2T,
Fjm = 2G/ Hjm = 1jmT 3 (12)
r—r|

Thus if we know the stress-energy tensor as a function of position, we
can work out the perturbations on the flat metric /.

We can look at this equation for the case of a perfect fluid, where the
stress-energy tensor is

Tij = (po + o) uiuj + Pogij (13)
where pg and Fy are the fluid’s density and pressure in its rest frame, and
u; is the fluid’s four-velocity in the observer’s frame. We need to find the
numerator of the integrand in @ for each component. First, we work out
the stress-energy scalar 7":

T =g"T;; (14)
= (,00 + P()) gijuiuj + Pogijgij (15)
= —(po+ Po) +4F (16)

=—po+35 (17)
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since gu;uj = —1 and g"/ g;; = 6! = 4. Since T is a scalar, this result is
valid in all coordinate systems. Also, we haven’t yet used any approxima-
tions, so this result is valid for all perfect fluids, even ones where the density
and pressure are large.

Now let’s assume that pg and Fp are small and so we keep only up to first
order terms, so any product of pg or Py with h*/ can be ignored. Thus

Tij — %gij ~Tij — %ij (18)
2T35 — 9i; T = 2135 — nij T (19)

~ 2 (po+ Po) uiw; +2Foni; — nij (—po +3F0) (20)
=2(po+ Po) uiuj +ni; (po — Fo) 1)

There are 3 cases to consider. First, 2 = j =t and use 7y = —1. Further,

we’ll assume that the spatial velocity components are all small, so u; ~ —1
and u;u; ~ 0 if 7 and j are both spatial indices.

2Ty —nuT =2 (po + Po) urus +net (po — Fo) (22)
=2(po+ o) — (po — Fo) (23)
=po+3H (24)

Now suppose ¢ =t and j is a spatial index (or vice versa; since everything
is symmetric it makes no difference). Then

Zth — 77th = 2Tt]‘ (25)
=2 (po+ Po) ugu (26)
= —2(po+ Fo) u; (27)

Finally, if both 7 and j are spatial indices we get, if i 7 j

2735 — 9i;T = 2 (po + Po) wiuj +1ij (po — Fo) (28)
~0 (29)
since the first term involves the second order term w;u; and in the second
term 7);; = 0if ¢ # 5.
Now if 7 = j we get

2T — giiT =2 (po + Po) wiwi +nii (po — Po) (30)
~ po— D (31)
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again, since the first term has the second order factor uZZ and in the second
term 7;; = +1 if ¢ is a spatial index.

Therefore, if we know pg and Fy as functions of position we can work
out the perturbations h;; to the metric.
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