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The general form of the stress-energy tensor for a perfect fluid is

T ij = (ρ0 +P0)u
iuj +P0g

ij (1)

where ρ0 is the energy density of the fluid and P0 is the pressure, and ui is
the four-velocity of the fluid, all measured in the fluid’s rest frame. Suppose
we have a star with a spherically symmetric density ρ(r) that rotates about
the z axis with an angular velocity ω that is slow enough that the speed
of the fluid making up the star at any point is non-relativistic, that is v =
ωr sinθ� 1 (where we’re using the usual spherical coordinates r and θ).

We’ve seen that in a star like the sun, the pressure P0 in the interior of
the star is negligible relative to the energy density ρ0 so we’ll neglect P0 in
what follows. The tensor then becomes

T ij ≈ ρ0u
iuj (2)

The components of the four-velocity can be worked out as follows:

ut = γ (3)

=
1√

1− (vx)2 − (vy)2
(4)

ux = γvx (5)

=
1√

1− (vx)2 − (vy)2
vx (6)

uy =
1√

1− (vx)2 − (vy)2
vy (7)

uz = 0 (8)

The components of the velocity are
1
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vx =−(r sinθ)ω sinφ (9)
=−ωy (10)

vy = (r sinθ)ω cosφ (11)
= ωx (12)

so we have

ut = γ =
1√

1−ω2 (x2 +y2)
(13)

ux =−γωy (14)
uy = γωx (15)

with the density as a function of x, y and z:

ρ= ρ(r) = ρ
(√

x2 +y2 + z2
)

(16)

We then get for T ij :

T ij = ργ2


1 −ωy ωx 0

−ωy ω2y2 −ω2xy 0
ωx −ω2xy ω2x2 0
0 0 0 0

 (17)

In the non-relativistic case, γ ≈ 1 and ω2r2 � ωr� 1 so we can approx-
imate the tensor as

T ij ≈ ρ


1 −ωy ωx 0

−ωy 0 0 0
ωx 0 0 0
0 0 0 0

 (18)


