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In special relativity, a general four-vector A transforms like

A′i =
∂x′i

∂xj
Aj (1)

If we take the derivative of Awith respect to proper time, and assume that
A is a function of position, then
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dτ
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∂xj
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∂τ
(2)

How does this transform? We get
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∂xj
dAj
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In order for dAi

dτ to be a four-vector, the first term in the last line would
need to be zero. Since Aj and x′k (τ) are arbitrary this means that

∂

∂x′k

(
∂x′i

∂xj

)
= 0 (7)

That is, the coordinate partial derivatives must be independent of position.
In general this isn’t true, but in flat space, coordinate transformations are
given by the Lorentz transformations which are independent of position, so
in flat space, dA

i

dτ is a four-vector.
If we have a scalar function of position Φ

(
xi
)
, then
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dΦ

dτ
=
∂Φ

∂xj
∂xj

∂τ
(8)

Doing the transform, we get

dΦ′

dτ
=
∂Φ′

∂x′k
∂x′k

∂τ
(9)

However, since scalars are invariant Φ′ = Φ so

dΦ′

dτ
=

∂Φ

∂x′k
∂x′k

∂τ
(10)

=
dΦ

dτ
(11)

So in this case, the derivative of a scalar field is a valid scalar under
transformation.
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