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In the weak-field limit, the Einstein equation becomes

1 1
— zmzhjm =87G (ij — 5an) (1)

In empty space, the stress-energy tensor is zero (1), = 0) so the equation
becomes

Phjm =0 2

This is just the 3-d wave equation for a wave with speed v = 1:

V2hjm = Ofhjm 3)

so one solution is a wave travelling in the = direction:

hjm = Ajm cos (wt — k) 4)

where Aj, is a constant matrix.
Substituting into[3| we get

— Ajmk? cos (wt — kx) = — Ajmw? cos (wt — kx) (5)

which gives the condition w = k. The speed v = 1 means that the wave
travels at the speed of light.
In the weak field limit, the Ricci tensor becomes

1
ij = 5 <6me + amHj — n”lan(?lhjm> (6)

where

1
Hp=n™ (8nhzm - iamhnl> (7)

We derived the wave equation above by taking all H,, = 0, so we can see
what conditions this imposes on Aj;,. Since w = k and h;; is independent

of y and z we have
1
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8thij = —Aijw sin (w (t—x)) 8)
@;hij = Aijwsin (w (t—[l?)) 9)

Thus requiring each H,,, = 0 allows us to cancel off wsin (w (¢ — z)) from
all terms, giving form =t

1 1 1 1
n't (_EAtt> + 0" (Amt+ EAm) +n?Y (EAyy) n** (EAZZ> =0
(10)

Att + Aa:x + Ayy + Azz + 2Awt =0

(1D
The other three H,,s give us three more conditions:
Att + Amx - Ayy - Azz + 2Atm =0 (12)
Ay + Ay =0 (13)
Atz+sz =0 (14)

Since hj; = hj; we must also have A;; = Aj; so from [IT]and [12] we get

Azz = _Ayy (15)
1
Atm = _5 (Att + Aazx) (16)

Allowing for the symmetry of A;; leaves 10 components to determine,
and the four conditions here impose another 4 constraints, leaving 6 inde-
pendent components, which we can take as

Ay =a (17)
Agn = (18)
Ay =c (19)
Ay =d (20)
A =e 1)
Ay =f (22)

Using the conditions above, the matrix has the form
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a —% (a+b) d e
1
_ | —z(a+b) b —d —e
Ajj d iy e f (23)

e —e f —c



