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Chapter 14, Exercise 14.3.1.
[If some equations are too small to read easily, use your browser’s mag-

nifying option (Ctrl + on Chrome, probably something similar on other
browsers).]

The eigenvectors of the spin 1
2 matrix in an arbitrary direction are given

by

|n̂+〉=
[

cos θ2e
−iφ/2

sin θ
2e
iφ/2

]
(1)

|n̂−〉=
[
−sin θ

2e
−iφ/2

cos θ2e
iφ/2

]
(2)

where the direction vector is given by

n̂ = sinθ cosφx̂+ sinθ sinφŷ+ cosθẑ (3)
The corresponding spin operator is given by the matrix

n̂ ·S =
h̄

2

[
cosθ sinθe−iφ

sinθeiφ −cosθ

]
(4)

Any 2-component normalized spinor is an eigenvector of such a matrix.
To see this, suppose we have an arbitrary spinor written as

|χ〉= ρ1e
iφ1

[
1
0

]
+ρ2e

iφ2

[
0
1

]
(5)

=

[
ρ1e

iφ1

ρ2e
iφ2

]
(6)

where ρ1,2 and φ1,2 are arbitrary real numbers (so that the coefficients on
the RHS are arbitrary complex numbers). From normalization we have

〈χ |χ〉= 1 =
[
ρ1e
−iφ1 ρ2e

−iφ2
][ ρ1e

iφ1

ρ2e
iφ2

]
= ρ2

1 +ρ
2
2 (7)
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Thus we can write ρ1 and ρ2 as the sine and cosine of some angle, which
we’ll call θ2 , giving

|χ〉=
[

cos θ2e
iφ1

sin θ
2e
iφ2

]
(8)

We can put this in the form 1 as follows. Since an overall phase doesn’t
affect the physics of the spinor, we can write

|χ〉= eiα
[

cos θ2e
−iφ/2

sin θ
2e
iφ/2

]
=

[
cos θ2e

iφ1

sin θ
2e
iφ2

]
(9)

We have the conditions

φ1 = α− φ
2

(10)

φ2 = α+
φ

2
(11)

Solving, we get

α =
φ1 +φ2

2
(12)

φ = φ2−φ1 (13)

giving

|χ〉= ei(φ1+φ2)/2
[

cos θ2e
−i(φ2−φ1)/2

sin θ
2e
i(φ2−φ1)/2

]
(14)

Thus |χ〉 as given by 6 is an eigenvector of the operator 4, where

n̂ = sinθ cos(φ2−φ1) x̂+ sinθ sin(φ2−φ1) ŷ+ cosθẑ (15)


