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The four-momentum Pµ transforms under a Lorentz transformation ac-

cording to Srednicki’s equation 2.15:

U−1 (Λ)PµU (Λ) = Λ
µ
σP

σ (1)

Under an infinitesimal transformation, the unitary operators have the form

U (I+ δω) = I+
i

2h̄
δωµνM

µν (2)

By using the same technique that we used to find the commutators of
Mµν we can find the commutators of Pµ. The LHS of 1 is, to first order in
δω:

U−1 (Λ)PµU (Λ) =

(
I− i

2h̄
δωρσM

ρσ

)
Pµ

(
I+

i

2h̄
δωρσM

ρσ

)
(3)

= Pµ+
i

2h̄
δωρσ [P

µ,Mρσ] (4)

The RHS of 1 is

Λ
µ
νP

ν = (δµν+ δω
µ
ν)P

ν (5)
= Pµ+gµρδωρσP

σ (6)

Comparing with 4 we can cancel the Pµ term on both sides. The remaining
term on each side has the form of δωρσ multiplied by a coefficient. The
term δωρσ [P

µ,Mρσ] in 4 is symmetric under the interchange ρ↔ σ (since
both δωρσ andMρσ are antisymmetric), so swapping ρ↔ σ leaves this term
unchanged. Swapping ρ↔ σ in 6 does give us something different however.
If we swap ρ↔ σ in both equations and then add the results we get
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i

h̄
δωρσ [P

µ,Mρσ] = gµρδωρσP
σ+gµσδωσρP

ρ (7)

= gµρδωρσP
σ−gµσδωρσP ρ (8)

= δωρσ (g
µρP σ−gµσP ρ) (9)

Since δωρσ is arbitrary, its coefficients must be equal on each side of the
equation. Multiplying through by −ih̄ we get Srednicki’s equation 2.18:

[Pµ,Mρσ] = ih̄(gµσP ρ−gµρP σ) (10)

Using this formula, we can work out the commutators of the angular
momentum and boost operators with Pµ. We recall that

Ji =
1
2
εijkM

jk (11)

Ki =M i0 (12)

The energy H is cP 0 so using 10 we have, for example

[J1,H] =
c

2
[
M23−M32,P 0] (13)

= c
[
M23,P 0] (14)

=−c
[
P 0,M23] (15)

= 0 (16)

where the last line follows because we set µ = 0, ρ = 2 and σ = 3 in 10,
which causes all the g terms to be zero, since gµν is diagonal. The same
result follows for [J2,H] = [J3,H] = 0.

Now consider

[J1,P2] =
[
M23,P 2] (17)

=−ih̄
(
g23P 2−g22P 3) (18)

= ih̄P 3 (19)

We can cycle the indexes to get the other commutation relations with the
general result (for spatial indexes 1,2,3, P i = Pi):

[Ji,Pj ] = ih̄εijkPk (20)

For the boosts we have
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[K1,H] = c
[
M10,P 0] (21)

=−ich̄
(
g00P 1−g01P 0) (22)

= ich̄P 1 (23)

since g00 =−1. Cyclic permutation gives the general result

[Ki,H] = ich̄Pi (24)
Finally we consider

[K1,P2] =
[
M10,P 2] (25)

=−ih̄
(
g20P 1−g21P 0) (26)

= 0 (27)

and

[K1,P1] =
[
M10,P 1] (28)

=−ih̄
(
g10P 1−g11P 0) (29)

= ih̄P 0 (30)

= ih̄
H

c
(31)

The general result is

[Ki,Pj ] =
ih̄

c
δijH (32)


