
VECTOR IDENTITIES FOR THE CROSS PRODUCT AND CURL

Link to: physicspages home page.
To leave a comment or report an error, please use the auxiliary blog.
References: Kip S. Thorne & Roger D. Blandford, Modern Classical

Physics, Princeton University Press (2017). Exercise 1.8.
Post date: 20 Sep 2020.
We can use the Levi-Civita tensor to write the 3-d vector cross product as

(sum over j and k):

(AAA×BBB)i = εijkAjBk (1)
We can use this, together with the identity

εijmεk`m = δijk` ≡ δikδ
j
` − δ

i
`δ

j
k (2)

to derive some common vector identities. 2 is a special case of the more
general 4-d identity we derived earlier. To derive it in the 3-d Euclidean
space case, we note that there is a sum over the index m. Each of εijm and
εk`m can therefore have only 2 non-zero terms, since all 3 indices must be
different. For example, if m = 1, then we can have ij = 23 or ij = 32 and
similarly for k`. Thus either i= k and j = `, in which case εijm = εk`m and
εijmεk`m = (±1)2 = +1, or i = ` and j = k, in which case εijm = ε`km =
−εk`m and εijmεk`m = (+1)(−1) =−1. These two cases give the RHS of
2.

Ex 1.8(a). We now work out some vector identities using 1 and 2.
Remember that a
comma before an
index indicates a
derivative:
Ak,j =

∂Ak
∂xj

.

[∇× (∇×AAA)]` = ε`mi

(
εijkAk,j

)
,m

(3)

= ε`miεijkAk,j,m (4)
= ε`miεjkiAk,j,m (5)

= δ`mjk Ak,j,m (6)

=
(
δ`jδ

m
k − δ`kδmj

)
Ak,j,m (7)

= Ak.`,k−A`,m,m (8)

=
[
∇(∇ ·AAA)−∇

2AAA
]
`

(9)

The last line follows because the order in which we take derivatives doesn’t
matter, so that
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Ak,`,k = Ak,k,` (10)
and

Ak,k = ∇ ·AAA (11)

Ex 1.8(b) We now have

(AAA×BBB) · (CCC×DDD) = εijkAjBkεi`mC`Dm (12)

=
(
δj`δ

k
m− δjmδk`

)
AjBkC`Dm (13)

= AjBkCjDk−AjBkCkDj (14)

= (AAA ·CCC)(BBB ·DDD)− (AAA ·DDD)(BBB ·CCC) (15)

Ex 1.8(c) Finally, we have

[(AAA×BBB)× (CCC×DDD)]a = εain
(
εijkAjBkεn`mC`Dm

)
(16)

=−εianεijkAjBkεn`mC`Dm (17)

=
(
δjnδ

k
a − δjaδkn

)
AjBkC`Dmεnlm (18)

= (AnBaC`Dm−AaBnC`Dm)εn`m (19)

=BaAn (εn`mC`Dm)−AaBn (εn`mC`Dm) (20)

= [BBB (AAA · (CCC×DDD))−AAA(BBB · (CCC×DDD))]a (21)


