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We can use the Levi-Civita tensor to write the 3-d vector cross product as
(sum over j and k):

(A x B); = €54, By (1)
We can use this, together with the identity

€ijmEkem = 0 = 0107 — 0407 )
to derive some common vector identities. [2]is a special case of the more
general 4-d identity we derived earlier. To derive it in the 3-d Euclidean
space case, we note that there is a sum over the index m. Each of ¢;;,, and
€xem can therefore have only 2 non-zero terms, since all 3 indices must be
different. For example, if m = 1, then we can have ¢7 = 23 or ¢j5 = 32 and
similarly for k¢. Thus either i = k and j = ¢, in which case €;;,;, = €y, and
€ijmEllm = (il)2 =+1, or i = ( and j = k, in which case €, = € =
—€kem and €;jmepem = (+1) (—1) = —1. These two cases give the RHS of
2

Ex 1.8(a). We now work out some vector identities using[I|and [2] Remember that

comma before an

VX (VxA),=emi (EijkAk j) (3) index indicates a
o m derivati\{e:
= €tmi€ijkAk,jm ORI
= €mi€ikiAk jm ®)
= 57 Ak jm 6)
— (8107~ 0107") Ak jm ™
=Akok—Aomm (8)
= [V(V-4)-V*4], ©)

The last line follows because the order in which we take derivatives doesn’t

matter, so that
1
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and

Ap o= Ag ke (10)
App=V-A (11)
Ex 1.8(b) We now have

(A X B) . (C X D) = EijkAjBkEiEmOKDm (12)
- (5;’51; . 5;’,155) A;ByCyDn, (13)
= A;B;,C;jDy, — A;BLCLD; (14)
—(A-C)(B-D)—(A-D)(B-C) (15

Ex 1.8(c) Finally, we have
[(A X B) X (C X D)]a = €gin (EijkAjBkennggDm) (16)
= _EianeijkAjBkenémCZDm (17)
— (850% — 6305 ) A ByCe Dt (18)
= (AnBaOZDm - AaBnOZDm) €Entm (19)
= B, Ay (EnémcﬂDm) —A.By, (EnEmCEDm) (20)
=[B(A-(CxD))-A(B-(CxD))], (2D



