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I’ll start with a disclaimer that this isn’t really a solution to part (a) of this

exercise, as I couldn’t figure out how to do it in the manner required.
The idea is to start with the facts that an electric field exerts a pressure of

magnitude ε0EEE
2/2 orthogonal to itself and a tension of the same magnitude

along itself. A magnetic field also exerts a pressure of ε0c
2BBB2/2 orthogonal

to itself and a tension of the same magnitude along itself. We are then
asked to verify that the given stress tensor embodies these stresses. The
stress tensor is

T=
ε0

2

[(
EEE2 + c2BBB2

)
g−2

(
EEE⊗EEE+ c2BBB⊗BBB

)]
(1)

where g is the metric tensor, with gij = δij .
We can see that this works for some special cases. For example, suppose

we take the magnetic field to be BBB = 0, and the electric field to be along the
x axis, so that

EEE = [E,0,0] (2)

Then 1 gives us

Txx =
ε0

2
(
E2−2E2) (3)

=−ε0

2
E2 (4)

Tyy = Tzz =
ε0

2
E2 (5)

with all off-diagonal elements equal to zero.
Now we consider a surface element ΣΣΣ normal to the x axis, so that

ΣΣΣ = [A,0,0] (6)

Then the force on this area element is given by
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Fx = TxjΣj (7)
= TxxA (8)

=−ε0

2
E2A (9)

Fy = Fz = 0 (10)

This does indeed correspond to a tension force along the x axis. The com-
ponents of force orthogonal to ΣΣΣ are zero, since the pressure exerted by the
field is orthogonal to ΣΣΣ and so exerts no force on the surface element.

If we take a surface element normal to the y axis, so that

ΣΣΣ = [0,A,0] (11)

then we get

Fx = Fz = 0 (12)

Fy =
ε0

2
E2A (13)

In this case, the component Fy arises from the pressure so is positive. The
tension is orthogonal to ΣΣΣ so exerts no force on the area element.

If we now consider an electric field in the xy plane, so that

EEE = [Ex,Ey,0] (14)

then the stress tensor becomes

Txx =
ε0

2
(
−E2

x+E
2
y

)
(15)

Tyy =
ε0

2
(
E2
x−E2

y

)
(16)

Tzz =
ε0

2
(
E2
x+E

2
y

)
(17)

Txy = Tyx =−ε0ExEy (18)

with the remaining elements equal to zero.
For an area element orthogonal to the x axis, the force is

Fx = TxjΣj =
ε0

2
(
−E2

x+E
2
y

)
A (19)

We see there is a negative tension force from Ex and a positive pressure
force from Ey, which satisfy the requirements above. However, there is
now a y component to the force:
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Fy = TyjΣj (20)
= TyxA (21)
=−ε0ExEyA (22)

According to the standard interpretation of the stress tensor, off-diagonal
elements such as Tyx represent shear forces, so there is a shear force in this
case. Presumably this comes from the tension force, but I can’t see any way
of justifying this. Comments welcome.

In any case, we previously derived the stress tensor by considering the
force on a collection of charges and currents. This derivation starts with the
Lorentz force law in the form

FFF =
∫
V
ρ(EEE+vvv×BBB)dV (23)

=
∫
V
(ρEEE+JJJ×BBB)dV (24)

and uses Maxwell’s equations to derive the stress tensor. This derivation
makes no mention of pressure or tension so isn’t technically a solution to
the exercise here, but at least we can see how to derive the stress tensor.

Part (b) of the exercise asks us to take the divergence of T and show that it
produces the force on a collection of charges and currents, using Maxwell’s
equations. This is effectively a reversal of the steps taken in the previous
post. In that post, we start with equation (23) to calculate ∇ ·T and then
compare this with equation (20) which shows the force density fff , which is
the integrand of 24:

fff = ρEEE+JJJ×BBB (25)
The result, for the case of steady fields that don’t change with time, is

fff =−∇ ·T (26)
(eqn (26) in the previous post). The minus sign here is due to the fact that
the tensor T defined by T&B 1 is the negative of the one used by Griffiths.
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