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In the previous post, we looked at the exact solution of Coleman’s Model
1 interaction hamiltonian
HI = gρ (x) φ (x)

(1)

In his Model 2, the interaction hamiltonian is now
x)
HI = gφ (x) ρ (x

(2)

The difference is that, in model 1 the function ρ (x) depended on all of
spacetime, and was designed so that it went to zero for times in the distant
x) depends on space only,
past or distant future. In Model 2, the function ρ (x
and is independent of time. The consequence of this is that the interaction
is constant over all time. To cope with this, Coleman introduces an artificial
’adiabatic function’ f (t, T, ∆) which is shown in his Fig. 9.1. Its essential
features are that it is zero for times in the distant past, then slowly switches
on over the time interval − T2 − ∆ to − T2 . It then is constant at f = 1 for
times from − T2 to + T2 , after which it decreases back to zero over the time
interval + T2 to T2 + ∆.
The purpose of f is to allow us to treat Model 2 so that in the distant past
and distant future it is a free field, in the same way as we treated Model
1. The catch here is that the adiabatic function f is purely artificial, and
thus the true behaviour of Model 2 should not depend on T or ∆ in the limit
T → ∞.
In eqn 9.3, Coleman states that matrix element of the S matrix should
satisfy
lim h0 |UI (T, −T )| 0i = h0 |S| 0i = 1

T →∞

(3)

He doesn’t explain this until after eqn 9.11 when a sort of hand-waving
x) does not depend
explanation is given. The argument is that, since ρ (x
on time, it is constant over all time and is therefore a static source, so no
1
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mesons are either absorbed or emitted by this source. Remember that, in
Model 1, the probability of there being n mesons in the final state is
−α α

P (n) = e

n

n!

(4)

where
Z

α=

d3 p |h (pp)|2

(5)

and
−ig ρ̃ (pp, ωp )
(6)
p
(2π)3/2 2ωp
Here, ρ̃ is the Fourier transform of the Model 1 source function ρ (x), which
can be non-zero on the mass shell, where ωp2 = p 2 + µ2 . In Model 2, since
x) is constant in time, its Fourier transform in the time dimension is
ρ (x
the Fourier transform of a constant, which is a delta function peaked at
ωp = 0. Thus this Fourier transform is zero on the mass shell, and thus the
probability of there being n > 0 mesons in the final state is zero. Another
way of saying this is that the matrix element of S between initial and final
vacuum states should be 1.
In section 9.1, Coleman goes through a calculation of h0 |S| 0i by starting
with the free vacuum state |0i which is valid up to t = − T2 − ∆. As the
adiabatic function slowly switches the source on, we can use the adiabatic
theorem to state that the ground state evolves from the free vacuum state to
the ground state of the full interacting system, given by |0iP . The ground
state energy of the free vacuum is 0, but the ground state energy of the
interacting state may not be zero. Coleman rather confusingly calls this
interacting state energy E0 , so don’t confuse it with the zero ground state
energy of the free hamiltonian (which is usually written as H0 ).
By applying the adiabatic theorem over the time intervals where f is
slowly switched on, and then slowly switched off again, Coleman shows in
eqns 9.4 through 9.11 that, using this reasoning
h (pp) =

h0 |S| 0i = e−i(γ+ +γ− +E0 T )

(7)

which disagrees with 3.
Coleman solves this problem by introducing a counterterm into HI (which
is the spatial integral of the hamiltonian density 2). The original overall
hamiltonian (including the adiabatic function f ) is the space integral of 2:
Z

HI = gf (t)

x)
d3 x φ (x) ρ (x

(8)
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This counterterm is a number called a, and is inserted outside the spatial
integral, so we have


Z
3
x) − af (t)
HI = gf (t) d xφ (x) ρ (x
(9)
The idea is that, when we integrate this over time (as we did to get the
erroneous S-matrix 7), the contribution to the phase from a will cancel the
phase in 7. Since f (t, T, ∆) is 1 for a time interval T and less than 1 for the
two tails, each of width ∆, we have
Z

a

dt f (t) = a (T + O (∆))

(10)

We would therefore like this to cancel the phase in 7, so we’d like, in the
limit T → ∞:
a (T + O (∆)) = γ+ + γ− + E0 T
(11)
By factoring out T , we get

 
∆
lim aT 1 + O
= lim (γ+ + γ− + E0 T )
(12)
T →∞
T →∞
T
The phases γ+ and γ− are finite phases obtained from applying the adiabatic
theorem to the two tails of the f function, so in the limit T → ∞, they
disappear from the RHS, and we end up with
a = E0
(13)
That is, the counterterm is the ground state energy in the interacting system.
Cancelling the extra phase with the counterterm thus results in the desired
result 3 for the vacuum-to-vacuum S matrix element. As far as I can tell,
the condition 3 is imposed on the system by means of the physical argument
given above; it’s not derived from the theory.

