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So far, every quantum system we’ve considered has consisted of a single

particle in a potential (for spatial calculations) or a single particle with spin
(as with the electron in the hydrogen atom). As a first look at dealing with
more than one particle, we will examine the problem of the total spin of a
hydrogen atom.

A hydrogen atom consists of a proton and an electron, both with spin
1/2. Classically, since angular momentum is a vector quantity, to obtain the
total angular momentum of a system we just add the individual vectors. In
quantum mechanics, we can start by following this path and see where it
leads us.

The first point to make is that the proton and electron are independent
particles; if we wished to describe their wave functions we would use sep-
arate sets of independent spatial variables. This is true also of their spins.
The spin operator S1 refers only to (say) the proton, while the operator S2
refers to the electron. If we represent the spin state of the proton by χ1
and that of the electron by χ2, then each spin operator operates only on the
spinor with the same suffix; it has no effect on the other spinor.

Since the two spins are independent, we require their operators to com-
mute so that both spins are measurable at the same time.

We can write the combined state of the proton and electron as χ1χ2,
where each of the χs can be written as a linear combination of the two
eigenspinors of one of the components of the corresponding spin. For ex-
ample, we might write χ1 as a combination of the eigenspinors of S1z:

χ1 = a1

[
1
0

]
+ b1

[
0
1

]
(1)

It’s important to understand that the eigenspinors serve as the basis for
the spin space in much the same way as the three unit vectors serve as a
basis for 3-d space. We can express the spatial coordinates of the proton
and neutron in the same 3-d space, but the variables used to represent these
two sets of coordinates are different and independent of each other. The
same is true of the spin space.
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The term χ1χ2 isn’t really a product in the mathematical sense; rather it
is a notation used to represent the compound state of the atom.

We can then define the total spin of the hydrogen atom as

S= S1 +S2 (2)

The z component of the total spin is just the sum of the z components of
each spin separately, so we get

Szχ1χ2 = (S1z+S2z)χ1χ2 (3)

= (S1zχ1)χ2 +(S2zχ2)χ1 (4)

If each particle is in one of the eigenstates of Sz, then the last equation
becomes

(S1zχ1)χ2 +(S2zχ2)χ1 = h̄m1χ1χ2 + h̄m2χ1χ2 (5)

= (m1 +m2) h̄χ1χ2 (6)

Since the quantum number m1,2 =±1
2 , the eigenvalues of the combined Sz

are −h̄, 0 and h̄.
There is one little snag, however. If the combined spin state was really

spin 1, we would expect these 3 eigenvalues for Sz, but we would expect
only a single state for each eigenvalue. We have a single state for each of
±h̄, but we can get the 0 state either by having m1 = +1

2 , m2 = −1
2 or

m1 =−1
2 , m2 =+1

2 .
Are there really two states with m =m1 +m2 = 0? Let’s start with the

m=−1 state and apply the raising operator to it. The raising operators for
the individual spins are

S1,2+ = S1.2x+ iS1,2y (7)

The compound raising operator is therefore

S+ = S1x+S2x+(S1y+S2y) i= S1++S2+ (8)

To make the notation a bit more graphic, we’ll represent each state by a
pair of arrows, with ↑ representing m =+1

2 (spin up) and ↓ m =−1
2 (spin

down). We then have, for the single spin case

S1,2+ ↓= h̄ ↑ (9)

So we get
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S+ (↓↓) = (S1++S2+)(↓↓) (10)

= h̄(↑↓+ ↓↑) (11)

Thus the m = 0 state we get here is one which is a combination of the
two individual states. The 3 states that correspond to a spin-1 state are

|11〉=↑↑ (12)

|10〉= 1√
2
(↑↓+ ↓↑) (13)

|1 −1〉=↓↓ (14)

The 1/
√

2 in the second line is for normalization. These three states are
referred to as the triplet state.

It’s worth pointing out how you normalize compound states like this.
Since the two spins are independent, the normalization works out as follows

(↑↓+ ↓↑)T (↑↓+ ↓↑) =
([

1 0
]

1

[
0 1

]
2 +
[

0 1
]

1

[
1 0

]
2

)
×

(15)([
1
0

]
1

[
0
1

]
2
+

[
0
1

]
1

[
1
0

]
2

)
(16)

The matrix products occur only between matrices with the same sub-
script, so, for example

[
1 0

]
1

[
0 1

]
2

[
1
0

]
1

[
0
1

]
2
=

([
1 0

]
1

[
1
0

]
1

)([
0 1

]
2

[
0
1

]
2

)
= 1×1= 1

(17)
Using similar calculations for the other products yields

(↑↓+ ↓↑)T (↑↓+ ↓↑) = 2 (18)

hence the normalization factor of 1/
√

2. A similar calculation shows the
three states above are mutually orthogonal. That is, for example 〈1 1| 1 0〉=
0, etc.

To confirm that these states really do belong to a spin-1 system, we need
to show that they are eigenstates of the total spin operator S2 with eigen-
value h̄2s(s+1) = 2h̄2. In order to do this, we need to work out this oper-
ator. We have

S2 = S2
1 +S

2
2 +2S1 ·S2 (19)
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The first two terms are easy enough, and the last term is

2S1 ·S2 = 2(S1xS2x+S1yS2y+S1zS2z) (20)
From our analysis of spin 1/2 earlier, we have

Sx (↑) =
h̄

2
↓ (21)

Sx (↓) =
h̄

2
↑ (22)

Sy (↑) = i
h̄

2
↓ (23)

Sy (↓) =−i
h̄

2
↑ (24)

Sz (↑) =
h̄

2
↑ (25)

Sz (↓) =−
h̄

2
↓ (26)

Applying this to the states ↑↑ and ↓↓, we get

S2|11〉= ((S1)
2 +(S2)

2 +2S1 ·S2)(↑↑) (27)

=

(
3h̄2

4
+

3h̄2

4

)
(↑↑)+

(
2h̄2

4
− 2h̄2

4

)
(↓↓)+ 2h̄2

4
(↑↑) (28)

= 2h̄2|11〉 (29)

S2|1 −1〉= ((S1)
2 +(S2)

2 +2S1 ·S2)(↓↓) (30)

=

(
3h̄2

4
+

3h̄2

4

)
(↓↓)+

(
2h̄2

4
− 2h̄2

4

)
(↑↑)+ 2h̄2

4
(↓↓) (31)

= 2h̄2|1 −1〉 (32)

A similar calculation gives

S2|10〉= 2h̄2|10〉 (33)
What of the otherm= 0 state? We can construct a state that is orthogonal

to the three states above, and that has m= 0, as follows.

|0 0〉= 1√
2
(↑↓ − ↓↑) (34)

We’ve written this as a spin 0 state, and doing a similar calculation to that
above does indeed yield S2 |0 0〉= 0.
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We can check the actions of the raising and lowering operators on various
states.

S−|10〉= 1√
2
S−(↑↓+ ↓↑) (35)

=
1√
2
(S1−+S2−)(↑↓+ ↓↑) (36)

=
h̄√
2
(↓↓+ ↓↓) (37)

=
√

2h̄|1 −1〉 (38)

using Sj− ↓= 0 for j= 1,2 (that is, applying a lowering operator to a bottom
state gives zero).

S+|00〉= 1√
2
S+(↑↓ − ↓↑) (39)

=
1√
2
(S1++S2+)(↑↓ − ↓↑) (40)

=
h̄√
2
(↑↑ − ↑↑) (41)

= 0 (42)

S−|00〉= 1√
2
S−(↑↓ − ↓↑) (43)

=
1√
2
(S1−+S2−)(↑↓ − ↓↑) (44)

=
h̄√
2
(↓↓ − ↓↓) (45)

= 0 (46)

Thus both the raising and lowering operators acting on the singlet state
give zero, as we would expect for a spin-0 state.
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