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The finite square well has the potential

0 T < —a
V(izg)=¢ -V —a<z<a (1
0 T>a

where V| is a positive constant energy, and « is a constant location on the x
axis.

We’ve seen that since the potential is an even function, we can look for
solutions of the Schrodinger equation that are either even or odd. In the
even function/ case, we’ve seen that the solution has the form

Bef® T < —a
Y(z) =< Dcos(ur) —a<z<a ()
Be T >a
where
—2mE
= Y < 3
K 5 3)
2m(E +V,
L= (h 0) @)

Imposing boundary conditions gives us the relations

Be " = Dcos(ua) 3)
—kBe " = —puDsin(pua) (6)

from which we get the relation between « and

k= ptan(pa) (7)
To complete the analysis, we need to normalize the wave function. Since
it’s an even function, the integral from O to o of the square modulus is half

the integral from —oo to oo, s0 we get:
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a oo 1
Dz/ cos? padx + Bz/ e 2y = ~ (8)
0 a 2
Doing the integrals gives us
LD2 (sin (pa)cos (pa) + pa) + iBze*Z’m _1 9)
21 2K 2
From the first boundary condition above, we have
B%e7% = D?cos?(ua) (10)
Solving these last two equations, we get
K
D*= 11
pecos? (ua) + ksin (pa) cos (ua) + kua 1
7 rpucos? (pa) e (12)

~ pcos? (ua) + ksin (pa) cos (ua) + Kua

Using the relation between  and y along with the trig identity cos” z +
2

sin“x = 1 we get
Kl

D*= 13
pcos? (a) + ptan (pa) sin (pa) cos (pa) + kupa (13)

K
= 14
I +kKa 14

K

D= 15
1+ ka (15)
B=,/s fm cos (ua) €™ (16)

While we’re at it, we can also normalize the odd solution. Here, the
solution has the form

Bef* r<-—a
Y(z) =< Csin(uzr) —a<z<a (17)
—Be™ ™™  x>a

The boundary conditions give

Be " = —C'sin(pa) (18)
kBe " = uCcos(ua) (19)

with the resulting relation between ~ and :
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1
= ——tan(ua
|, an(ua)

The normalization integral is

a oo 1
C’z/ sin? padx + Bz/ e Ry = =
0 a 2
which gives

21 2K

The first boundary condition gives

B?e 2% = 2 sin’ (pa)
Solving these two equations gives

1 1
— —C?(sin (pa)cos (ua) — pa) + — B?e 2k = 3

02 _ K
psin® (pa) — ksin (ua) cos (pa) + kpa
72— rpsin® (pa) €254
psin? (jua) — rsin (pa) cos (pa) + Kja
Rewriting the relation between x and ;1 we get
cos (ua)
K= —pfl———
sin (pa)
and inserting this into the solutions gives
="
1+ ka
2 Foan2 2Ka
= sin
1+ ka in”(pa)e
The final result is then
1+ ka

-4 / sm (na)e

(20)

21)

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

where we’ve taken the negative root of B2 in order to satisfy the original
boundary conditions above (we could also have taken C' with a negative

sign and B with a positive sign).



